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1. INTRODUCTION

For positive integers e and m denote by C¢ the free product of e copies of the cyclic
group of order m, and let F}. be the free group of rank r. Given integers r,¢ > 0, distinct

primes pq, ..., p:, and positive integers eq, ..., ¢, let

[=Ct s xCo 5 F (1)
By the Kurosh subgroup theorem, a finite index subgroup A < I' is again of the same
form, that is, A = C % - % O x F,, with non-negative integers Ay, ..., A, . An

Euler characteristic computation shows that the latter parameters are related to the
index (I : A) via the relation

;Aj(l—pl)+u—1:<r:A)[Z<1—i)+r—1}. 2)

j F bj

The tuple 7(A) := (A, ..., Ay; ) is called the (isomorphism) type of A. The principal
theme of the present paper is the enumeration of finite index subgroups A in I' under
restrictions on 7(A). In particular, we shall discuss, for I" as above, the following three
basic problems.

(I) (Realization) Which abstract groups admitted by the Kurosh subgroup theorem
are realized as finite index subgroups of I'?

(IT) (Asymptotics) Find natural deformation conditions on 7 € R implying an
interesting asymptotic behaviour of the function s, (I") counting the number of
finite index subgroups in I' of type 7.

(III) (Distribution) What can we say about the distribution of isomorphism types for
subgroups of index n in I' (with respect to various weight distributions) as n
tends to infinity?

The motivation for these questions comes from three main sources: number theory,
geometric function theory, and the theory of subgroup growth. As is well known,
many important number—theoretic functions are invariant under the modular group
PSLy(Z) or certain other free products I' of the form (1); a phenomenon leading for
instance to functional equations for L-series and Dedekind zeta functions. It is in
this way that the modular group and, more generally, subgroups of finite index in
Hecke groups $(q) = Cy * C, for ¢ > 3 made their first significant appearance; cf.
for example [1], [7], and [35, Chap. VII]. As Fuchsian groups, these groups also have

intimate connections with the theory of Riemann surfaces; cf. for instance [43], in
1
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particular Chapter 3.9. Around 1880, both Klein and Poincaré independently realized
the importance of group-theoretic information of the above mentioned kind for the
construction and investigation of automorphic functions. This point of view is already
present in [8] and [9]; in particular, the enumeration and classification of subgroups in
the modular group is singled out in [8] as a group-theoretic problem of fundamental
importance, situated at the crossroads of various branches of mathematics. Since the
early 1960’s the general point of view has shifted even more in that direction, so that (I)
— (IIT) have become to be regarded as purely algebraic problems in their own right; cf.
for instance [16], [17], [39], [40], [41], [44], as well as Newman’s monograph [36]. From
a recent perspective, a natural context for the research reported in this paper is the
theory of subgroup growth, an exciting and fast developing part of what has in recent
years become known as ‘asymptotic group theory’, which has evolved over the last two
decades in the work of Grunewald, Lubotzky, Mann, Segal, and others including the
first named author. The principal objects of study in the theory of subgroup growth
are arithmetic properties of subgroup counting functions and their connection with the
algebraic structure of the underlying group. An account of some of the major results
in this area obtained prior to 1992 can be found in Lubotzky’s Galway notes [10] and
[11]. More recent contributions include (in rough chronological order) [4], [12], [13],
22], [23], [25], [5], [28], [30], [31], [32], and [33]; cf. also the forthcoming monograph
[14].

As is well known, counting finite index subgroups in a group I' is intimately related
to the enumeration of [-actions on finite sets, that is, permutation representations
of I'; cf. for instance [3, Prop. 1]. Our present results depend on a powerful and
surprisingly explicit refinement of this relationship. Let I' = Gy % --- %« G4 x F,. be a
free product of finite groups G, and a free group of rank r. Restricting the action of
I’ by right multiplication on the coset space A\I' to the free factors of I' gives rise to
representations ¢, : G, — Sym(A\I'). Each representation ¢, in turn decomposes as
direct sum ¢, = @, Mox por of the transitive G,-representations py1, Po2, - - - , Pok, With
certain non-negative multiplicities m,,. The collection of these data m,, is referred to
as the representation type of A, denoted m(A). The key observation underlying all our
results is an explicit identity relating m(A) and 7(A); see Proposition 1 below. The
proof of this identity, which occupies the next section, relies on ideas and techniques
from a recently developed enumerative theory of representations in wreath products;
cf. [25], [34], and [29]. An introduction to and survey of the latter theory from two
somewhat different points of view can be found in [26] and [27]. We now turn to the
contents of this paper, explaining our main results under the headings of the problems
listed above.

(I) Let I be as in (1), and for ¢ = 1,...,t and j = 1,...,¢; let x;; be a generator of
the corresponding cyclic free factor of I'. Given a transitive permutation representation
¢ : T = Sy, we have @ [, )= p;? @ 1m7Pimii  where p; denotes the regular and 1
the trivial representation of C),, and where m;; is the number of p;-cycles occurring
in ¢(x;;). Hence, if A is a subgroup of index n in I', and if ¢ is the permutation
representation describing the natural action of I on A\I', then the numbers m;; together
with the numbers n — p;m;; correspond precisely to the multiplicities constituting the
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representation type of A. Set
j=1

As we shall see, the representation type does not in general determine the original
representation up to equivalence; cf. Remark 1. Nevertheless, as a consequence of the
above mentioned identity relating representation and isomorphism type of a finite index
subgroup, the following is proved in Section 3.

Theorem A. Let ' be as in (1), and let A be a subgroup of index n in I'. Then the
type T(A) = (A1,..., A\; 1) of A is determined in terms of n and the M;(A) by means
of the equations

/\k:ekn —pkMk(A), 1§k§t

= Z(pz —1)M;(A) + n(r—1) + L.

Using Proposition 1 we also obtain a partial reconstruction of 7(A) from m(A) for
groups [ of the more general form I' = G x...*x G, x F,.. This aspect leads for instance
to a far reaching generalization of a well-known theorem of Lyndon concerning the
kernels of cartesian maps; cf. Corollary 1. Theorem A in turn allows us to completely
resolve the realization problem for groups I' of the form (1).

Theorem B. A tuple 7 = (A,..., \; 1) of non-negative integers is the isomorphism
type of a finite index subgroup in I if and only if

(i) the quantity
Zi)\i(l_p%.)‘i‘/i_l
Ziei(l_p%)er_l

n =

18 a positive integer,

(il) we have N\ < exn for 1 < k <t, and with n as in (i).

Specializing Theorem B to the modular group, we find that PSLy(Z) contains a finite
index subgroup isomorphic to A = C5* % C’;B « F, if and only if x(A) < 0, that is,
if and only if A 2% Cy, Cs, F;,Cy % Cy. In Section 4, with the help of Theorem B,
sufficient conditions for the realizability of types by non-maximal subgroups are found,
and we derive properties of types realized by, as well as existence theorems for normal
subgroups. In this context it should be noted that ‘almost all’ subgroups of finite
index in a group I' of the form (1) are maximal. This is shown among other things in
Section 5.

(IT) It is more difficult to give an un-technical account of our results concerning the
asymptotic enumeration of subgroups with given type. Roughly speaking, for I' large
(x(I") < 0) and of the form (1), our main result in this direction (Section 5, Theorem 3)
associates with I' certain infinite domains Qp C Ré T *¢ such that

Sp(Mat, ., Mye,) ~ hp(Mar, ..., mye,)/(n— 1)1 (n — o00),
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subject to the condition that (myi, ..., m,) € Qr. Here, s,(mq1, ..., my,) denotes the
number of index n subgroups A in I' such that, for all ¢ and j, the group (z;;) acts on
A\I" as a product of precisely m;; p;-cycles, and h,(mi1, ..., My, ), which is explicitly
computed in Proposition 7 (iv), counts the number of permutation representations of I'
of degree n enjoying the analogous property. The condition that (mqq,...,m,) € Qr
can be translated into deformation conditions for 7 by means of Theorem A. As an
illustration of the power of Theorem 3, here is a consequence for the modular group.

Theorem C. Let 7; = (ay, Bi, ;) be a sequence of types in N3 such that n; = 3a; +

2_¢

46; + 6(v; — 1) tends to infinity with i. Assume that for all i we have o; < n?
1

Bi < n2 ", and a;8; < nl~° with some fized € > 0. Then the number s, (PSLy(Z)) of
finite index subgroups in the modular group of type 7; satisfies

n; - !

., (PSLa(Z)) ~ (i — 00).

ni—a; _ni—B;

ol Bl (Mg Qi) (R iy 925

In connection with the construction of automorphic functions, Poincaré raised the ques-
tion whether ’almost all’ finite index subgroups of the modular group are free. If sub-
groups are enumerated by index, a negative answer was given in [22, Prop. 3] for a larger
class of free products including the modular group. As an application of Theorems 1
and 3, we show in Section 5 that, if subgroups are enumerated by rank, then a positive
proportion of all finite index subgroups in a group of the form (1) is in fact free.

In the special case of the modular group we are able to establish an asymptotic expan-
sion for s,(PSLy(Z)) considerably refining Theorem C under similar hypotheses on 7;
cf. Section 8, Proposition 10.

(IIT) Every statement on probability distributions depends on the choice of a weight
function. In the present context, apart from uniform weights, the weight distributions
on finite index subgroups A of groups of the form (1) given by w(A) := |[Hom(A, H)|
with some fixed finite group H, appear to be the most natural ones. For 1 < i <t
and a positive integer n define random variables &;, by choosing a subgroup A of in-
dex n in I' at random (with respect to uniform weights), and putting &;, = \;, where
T(A) = (A1,..., A\;p). Furthermore, for a prime ¢ define random variables 555) by
choosing a transitive representation ¢ : I' — C, 1 .S,, (with respect to uniform weights),
putting A = stab,(1), and setting 55;{) = \;, with )\; as above. Here, €t is the permuta-
tion part of . It is shown in Section 7 that the variables &;,,, . .., &, are asymptotically

independent, as are the variables 5%?3, e ,ft(fl) for fixed ¢, and that each of these vari-
ables converges to a normal distribution. More specifically, we obtain the following.

Theorem D. Suppose that x(I') < 0. Then, as n — oo, the variables &1y, . . ., & are
asymptotically independent. Moreover, for each i € [t] and real x,

1 v 2
P(&n < en'/Pi 4z fen/ @) = _/ e 52 ds + O(n~*®),
(in < Vet = = | ()

where (") := %min (pil, e pit); in particular, the distribution of &, converges weakly

to a mormal distribution with mean e;n'/?" and standard deviation \/e;n'/(P).
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Theorem E Let T' be as in Theorem D, and let q be a prime. Then, as n — oo, the

variables fln T, t(,‘? are asymptotically independent. Moreover,

(i) if q # pi, then the distribution of 5;3) converges weakly to a normal distribution

with mean qlf{'/pi n'/Pi and standard deviation ql/z,%nl/(%),
(ii) the distribution of 5%0 converges weakly to a mormal distribution with mean
ei(pin)Y?i and standard deviation \/;(p;n)*/ri).
In both cases, the error term is as in Theorem D.

The final section studies the impact of the theory developed here towards the solution
of the Poincaré-Klein problem for the modular group. Here, the rather simple structure
of PSLy(Z) also allows us to obtain improved versions, and we demonstrate that some of
the seemingly technical hypotheses introduced in Sections 4 and 5 are indeed necessary.

2. ISOMORPHISM VERSUS REPRESENTATION TYPE

Given finite groups G, ..., G, and an integer r > 0, consider the group
F=Gy* - %«GyxF,. (3)
Let Uy, Us, ..., U, be a complete list of the isomorphism types of subgroups occurring

in the groups Gy, ..., G, (excluding the trivial group), and let A < T' be a subgroup of
finite index. By Kurosh’s subgroup theorem, A is of the form

A U*)\l U*)\g cex U;)\Z * FM

with non—negative integers A1, Ao, ..., Ar, and p. The tuple 7(A) := (A1,..., A p) is
called the (isomorphism) type of A. Computation of the rational Euler characteristic
shows that 7(A) is related to the index (I' : A) = n via

;W \U|>+“_1_"[§;<1_\Gll

(e

)+r—1]. (4)

As is well known, the problem of counting finite index subgroups in a group I' is inti-
mately connected with the enumeration of I'-actions on finite sets (that is permutation
representations of I'). Restricting the action of I' by right multiplication on the coset
space A\I' to the factors G, respectively F,. gives rise to representations ¢, : G, —
Sym(A\I'). Each representation ¢, in turn decomposes as direct sum ¢, = @, Moy Pox

of the transitive G,-representations p,1, ..., psr, With certain non-negative multiplici-
ties myy. Let d,y be the degree of p,,. Our first result relates the set of data (the repre-
sentation type
of A)

to 7(A). For a group H and a permutation group II denote by € the canonical projection
H 1T — I1. We will choose algebraic multiplication in permutation groups, that is,

(1 - o) (w) = ma(m(w)) (71, me € II(Q), w € Q).
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Consequently, group actions will always be right actions, and multiplication in the
wreath product H ! I1() is given by the formulae

(f1,m1) - (fo,m2) = (f, 71 - 2)
f(w) = filw) fa(mi(w)).
Proposition 1. LetT" be as in (3), let Uy, ..., U, be as above, and let H be a fized finite

group. Then isomorphism and representation type of a subgroup A of index n in I' are
related via the equation

s ko

w1111

o=1 k=1

{¢ € Hom(Gy, H1Sy, ) : et = p(m} "

Proof. Fix some representation ¢ obtained from the action of I' on A\I" by numbering
the cosets in such a way that A -1 — 1, and let ¢, be the restriction of ¢ to G,.
Consider the following four quantities:

s ko Mok
=TT 11 {w € Hom(Gy, H1Sq,.) : et = pm} , (6)
o=1 k=1
H@D € Hom(I', HS,,) : ep = gp} , (7)
|H[*™* [Hom(A, H), (8)
and
¢
[H[ = ] Hom(Uy, H)PY. (9)

n=1
We will show that (i) (8)=(9), (ii) (6)=(7), and (iii) (7)=(8).
(i) By definition of the type and the mapping property of free products,

¢
[Hom(A, H)| = [Hom(Ui™ # -+ x U;™ % F,,, H)| = |Hom(F},, H)| H [Hom (U, H)|M.
j=1
Multiplication by |H|"~! now gives (8) = (9).
(ii) For IV := Gy * - - - * G4, we have
Hw € Hom(I', H S, : ep = go}} = |{z/1 € Hom(I", H1 S, : e = ¢ | }|
x [{¢ € Hom(F,, H1S,) : et = ¢ |p, }|.

A homomorphism v : F, — H .S, is determined by r arbitrary elements of H™ and
r permutations. Thus, with e) = ¢ |g, prescribed, there are exactly |H|"" choices for
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¥ lifting ¢ |g.. Hence, it suffices to consider the case where r = 0. By the mapping
property of I', it is enough to check that
ko

}{¢ € Hom(Go—,HZSn) : Ew - SOO'}| = H |{r(/) € Hom(GU7HZSdUK) : E?/) = po—”}lmaﬂ'
k=1

(10)
Consider an element ¢ of the left-hand set. By the condition that e}) = ¢, and the
definition of the multiplicities m,,, the image ¥(G,) is contained in a subgroup of H1S,,
which is independent of ¢ and isomorphic to Hi"zl(H 1 Saq,,.)" ", and, on a component
of the k-th factor, e()(G,)) acts like p,. Since for arbitrary groups G, Hy, Ho

|Hom(G, Hy x Hs)| = |Hom(G, Hy)| - [Hom(G, Hs)|, (11)
we obtain (10).
(iii) Let
L(A) = {¢ € Hom(T, H1 S,) : stab.y(1) = A}.
Then

IL(A)] = (n—1)!-|{ € Hom(T, H1 S,) : et = }]. (12)
For v € I' and v € Hom(I', H S,,) write ¥(y) = (f5,7), and for ¢» € L(A) define a
map x4 : A = H by

xu(0) = f5(1), d€A.

With this notation, we claim: firstly, that x, is a homomorphism, secondly, that the
map L(A) — Hom(A, H) given by 1 — xy is surjective, and thirdly, that each fibre
of this map has cardinality (n — 1)!|H|""!. In view of (12), these claims imply that

(7) = (8).
Let 61,02 € A, and let (fi,m) respectively (fa,m2) be the images under . Then
X (01) = f1(1), x¢(d2) = f2(1), and x,(9102) = f(1), where
(f1, 1) (f2, m2) = (f, mim2).
Hence,
X (0102) = f1(1) fa(m1(1)) = X (d1) Xy (02),

since 71 (1) = 1. This proves our first claim.

In order to prove surjectivity of the map v — xy, we will exhibit, for every homomor-
phism x : A — H, a representation ¢ : I' = H .S, with i) = ¢ and x4 = x. The
latter task is equivalent to finding a map f : I' x [n] — H such that !

fn2,9) = f(1,1) f(v2, 0(n) (@) (1,2 €T, 7 € [n]) (13)
and
f(r, 1) =x(v), ~e€A. (14)

By the transitivity of ¢, we can find elements v) € T for i € [n] such that
(1) =i, i€ [n]
(15)
A0 =1,

[n] denotes the standard n-set, that is, the set consisting of the integers 1,2,...,n.
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Moreover, choose elements h; € H fori € [n], hy = 1, and define a function f : I'x [n] —
H via

F(y.1) = hi ' X(8) by,
where 7y = 549 with § € Aand j € [n]. fy€ Aandi=1,then § =~ and j =1,
and hence

f(v.1) = hi' x(v) ha = x(7),

which proves (14). In proving (13), we first consider the case where i = 1. Let v1,v, € T,
and suppose that v, = §;vY), that is, ¢(7,)(1) = j, and that 7y, = 5,7*), where
01,02 € A and j, k € [n]. Then we have

Yye = 6149 (V(j))_l oy ) = §; 5o~
and, since y is a homomorphism,
F(r72,:1) = hy ' x(8102)
= hi'x(61) by hj_1X(52)hk:
=[O 1) f (2, () (1))

Now let v, € I'and i € [n]. Let v ~; = 6,7V and 79 vy = §,7*) with 6,6, € A.
Then
Dy g = 549 (7(3))*1 5oy ®) = §, 5y F)
and we find that
Fnya, i) = by x(6162)

= hy ' x(81) by - byt (x(01)) " - byt x(0102) I

= f(’ha 7’) (f<7(i)717 1>>71f<7(i)71727 1)

= f(71,1) F (2, (v P71) (1))

= f(m,) f(ye, p(11)(9)),

where we have made use of the case i = 1 of (13) to rewrite f(7"7;72,1). This proves
our second claim.

In order to establish our last claim, consider the action by conjugation of the group
U= {(f,w) € H1S,: f(1)=1 and (1) = 1}

on the set L(A). Since U = HS,_1, we have |U| = |H|""' (n—1)!. We show next that
this action of U on L(A) is in fact free. Assume that % = ¢ for some ¢ € L(A) and
u € U, that is, [¢(y),u] = 1 for all ¥ € T. Setting u = (g, 7), this property is equivalent
to the two assertions that
m,T=1m, (y€TI)

and

F(@) g(my (i) = g(i) f1(7(i)) (v €T, i €n]).
Since €1 is transitive and 7(1) = 1, the first of these equations immediately implies
7 = id, and the second equation simplifies to

K@) g(my (@) = (i) [,(1) (v €T, i € n]).
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Setting ¢ = 1 and using the facts that g(1) = 1 and that e is transitive, we now find
that g(j) = 1 for all j € [n], that is, u = 1. Hence, L(A) decomposes into

[L(A)/UT = LA/ (H " (n = 1))

orbits under U, and any two elements in the same orbit correspond to the same ho-
momorphism in Hom(A, H). Thus, it only remains to show that two elements not
equivalent under U have different images in Hom(A, H).

Let 91,12 € L(A) be elements such that x,, = xy,. After conjugation with appropri-
ate elements of U we can assume that e); = e = . Define a map 0 : ' — H via

0(7) = (A1) AV (1), where ¢i(y) = (1, 7). By assumption 9(y) = 1 for v € A,
An immediate calculation yields the multiplication rule

oY) = (£, (m,(1)) 1 0(9) £ (m, (1) (37 €T). (16)
If v € A, we see from (16) that d(yy') = 9(7'), that is, 0 is a class function for T’
modulo A. Define a map f : [n] — H via f(i) := (7)), where 4 is as in (15); in
particular f(1) = 1. We can now finish the proof by showing that

F@) fV@) = fP3) f(m,(0)) (v €T, i€ [n]), (17)

since this implies that

PNV = (), yel.
We compute f(m,(i)):

= (f7@) 7" F@) 17 ),

where we have used the multiplication rule (16) and the facts that -y W A Dy
and that 0 is a class function. The desired result (17) follows now upon multiplication

from the left with £ (3). O

LNOW

3. THE REALIZATION PROBLEM FOR ISOMORPHISM TYPES

From now on, with the exception of Subsection 3.2, we shall restrict our attention to
groups I' of the form (1).

3.1. Explicit determination of isomorphism types. For ¢ = 1,...,t and j =
1,...,¢; let z;; be a generator of the corresponding cyclic factor of I'. Given a transitive
permutation representation ¢ : I' — S,,, the restriction of ¢ to (z;;) is determined up to
equivalence by the number m;; of p;—cycles occurring in (z;;). More precisely, ¢ |,y is
equivalent to p; @17 Pi™i where p; denotes the regular and 1 the trivial representation
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of C),, that is, up to renumbering, the numbers m;; together with the numbers n—p;m;;
correspond exactly to the multiplicities introduced in the previous section. Given a
subgroup A of index n in T, let M;(A) =5 ; Mij, where the multiplicities m;; pertain
to the natural action of T on A\T.

Theorem 1. Let I' = C)¢t - % C’;f* x F,. with distinct primes p1,...ps, and let A
be a subgroup of index n in U, with invariants M;(A) as defined above. Then the type
T(A) = (A, ..., A 1) of A is determined in terms of n and the M;(A) by means of the
equations

/\kzekn —pkMk(A), 1§k‘§t

= Z(pi — 1) My(A) + n(r —1) + 1.

Proof. In Proposition 1 put H = C,, where p is prime. We have to compute the
quantities

|Hom(C,,,C,)| and |{w € Hom(C,,,C, 1 5,,) : e = pl}|

The first expression equals p; if p = p;, and 1 otherwise. In order to compute the second
expression we have to count elements (f, 7) in C,2.S,, of order p;, which are mapped via
€ onto a given p;—cycle, say m = (1...p;). The condition that (f,7)P" =1 is equivalent
to the equation
FW @) flp) =1

in C,, which is satisfied by exactly p?"~! such functions f. We first choose p to be
different from all the p;. Then, on the left—-hand side of (5), the first factor is p"", while
the contribution of the trivial representations is 1, and the regular representations

contribute a total of
t

H prz Dmi; _prz HM;(A

=1 j=1
The right—hand side in this case becomes p”+“ 1. Comparing exponents, we obtain the
last equation of Theorem 1. Next, we take p = p; for some 1 < k < t. The same
computation as above now shows that in this case the first factor on the right-hand
side is p;", while the regular representations contribute H - 10,(f DM:(4) , so that, by

the equation just verified, the product of these two terms equals p} ', The trivial
representations contr1bute 1 to the left-hand side, except for o such that G, = C,,, in

which case the contribution is p, "*"*/. Hence, for p = py, the left-hand side equals

n-HL 1 H p" PrMEj n+M—1+€kn—pkMk(A)
=Dy .

The right-hand side in this case equals pn+“ T+, Comparing exponents gives rise to

the first equation of Theorem 1. O

Remark 1. Let T = (z,y | 22 = y> = 1) be the modular group, and define representa-
tions @1, of degree 6 via

p1(x) = (12)(34)(56), @2(x) = (15)(26)(34)
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and
P1(y) = pa(y) = (123)(456).

Then, by Theorem 1, the associated subgroups A; = staby, (1) are isomorphic. However,
since

lo1(T)] = [S2 053] =48 and |p(T')| = [Cs| = 6,

the core of Ay has index 8 in Ay, whereas Ay is normal in T' (in fact Ay has class
number 3). This shows in particular that Ay and Ay are not conjugate, not even under
an outer automorphism, although they have the same representation type.

3.2. Some remarks on Theorem 1. In this subsection we shall consider the question
how far Theorem 1 can be generalized towards free products I' of the form (3). The
proof of our next result demonstrates that, while it may be true that the isomorphism
type of a finite index subgroup in such a group I' is determined by its representation
type, the proof strategy of Theorem 1 becomes problematic, since the correct choice of
the auxiliary groups H turns out to be difficult.

Proposition 2. Let I' = Cy x Cg, and let Ay and Ay be subgroups of index n. Then
A1 = Ay if Ay and Ay have the same representation type.

Proof. As in the proof of Theorem 1, we have to solve the system of equations (5) for
AL, ..., A, and p. The non-trivial subgroups of C, and Cy are Cy, C3,Cy, and Cy. As
H runs over all cyclic groups of finite order, we obtain equations for

(2, [H )™ (3, [H|)™ (4, [H|)™ (6, [H[)™|H|".

Choosing for instance |H| = 5, one can easily determine p. The remaining parts of
this expression depend on (12,|H|) only, thus choosing for |H| all divisors # 1 of 12,
we obtain 5 exponential equations in Aq,..., A4, which can be transformed into seven
linear equations by considering powers of 2 and 3 separately. The resulting system has
the following form:

)\1 + )\3 + )\4 =
)\2 + )\4 = (9
)\1 + 2A 3 + /\4 = C3
)\1 + )\3 + /\4 = (4
)\2 + /\4 = Cj
)\1 + 2\ 3 + /\4 = Cg
)\2 + /\4 = (7.

Obviously, among these equations there are only three independent ones, hence it is
impossible to determine the four variables. Moreover, in view of (11), choosing H as
an arbitrary abelian group yields no further information. However, if we take H = S,
and consider the 2-part of the exponential equation, we obtain the linear equation

2)\1 + 2)\3 + )\4 = Cg.

Since this new equation is independent of the three former ones, the enlarged system is
uniquely solvable. This shows that the representation type of a finite index subgroup
in I' determines its isomorphism type. [
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It is interesting to observe however that, even in the general setting of (3), we can still
compute the free part of finite index subgroups. In order to exploit Proposition 1 for
such groups, we first have to study the factors on the left—-hand side of equation (5).

Lemma 1. Let G be a finite group, p a prime such that p 1 |G|, and let p be a transitive
permutation representation of G of degree d. Then

[{¥ € Hom(G,Cy18y) : e = p}| =p*". (18)

Proof. In Proposition 1 put I' = G and A = stab,(1). Then s =1 and

L pie=p
mig = .
0, otherwise,

hence, in this situation equation (5) coincides with (18). O

Proposition 3. Let I' be as in (3), and let A be a subgroup of index n in T' of type
T(A) = (A1, ..., Ag; 1) and representation type m(A) = (Myy)-

(i) We have
s ko
p=(r+s—1n — ZZmM + 1.
o=1 k=1
(ii) A s free if and only if
- 1
——,  Por Tegular
Mo = ’GU‘ (19)

0, otherwise.

Proof. (i) Let p be a prime such that p 1 |G,| for all ¢, and put H = C,. Combining
Proposition 1 with the previous lemma yields

s ko

pn’r H H pmg,{(d(m—l) _ pn—Q—p—l'

o=1 k=1

Taking logarithms, solving the resulting equation for 41, and using the fact that ) _dyxme. =
n now gives (i).

(ii) According to (4), A is free if and only if
,u:(r—l)n+nz (1—
o=1

that is, in view of (i), if and only if

s ko s
DD R

o=1 k=1

)t

1
|Gol

It follows that condition (19) on the representation type is sufficient to ensure that A
is free. Conversely, since ) d,xm,x = n, and since all but the regular representations
of the G, have degrees strictly less than |G, |, A free implies (19). O]
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Proposition 3 allows us to decide with reasonable effort whether or not a given sub-
group is free. Note in this context that, since a common way of representing finite
index subgroups within a computer algebra system like GAP is via the associated coset
representation, the representation type m(A) of a subgroup A can be computed at
negligible cost. Hence, any method allowing to deduce from m(A) further information
on A, is of potential interest from an algorithmic point of view. As an example of a
more theoretical application, we derive a result generalizing the well-known theorem of
Lyndon concerning the kernels of cartesian maps.?

Corollary 1. Let I be as in (3), G a finite group, v, : G, — G monomorphisms
for 1 < o < s, and let v : I' — G be an epimorphism simultaneously extending
every vV,. Then the kernel of v is free. In particular, the kernel of the cartesian map

Gr*---xGy — Gy x -+ x Gy is free of rank

rk(K) = \Gl\---|GSy[Z(1— \G10\> - 1] + 1.

(e

Proof. Let K be the kernel of 1. Then the canonical action of G, on K\I' is equivalent
to the action of ¥,(G,) on G by right multiplication. The latter action is the direct
sum of |G|/|G,| regular actions of G,. Hence, condition (19) is satisfied, and K is free

by the second part of Proposition 3. The particular statement follows from this and
formula (4). O

3.3. Solution of the realization problem. We now come to the main result of
Section 3, characterizing those (t + 1)-tuples 7 = (\y,...,A;;u) € N5 which are
realized, that is, occur as the isomorphism type of a finite index subgroup in I' =

t .
x* O x B
i=1 Pi

Theorem 2. Let I' be as in (1). Then a tuple 7 = (M\1,..., \; 1) of non—negative
integers is the isomorphism type of a finite index subgroup in I' if and only if

(i) the quantity
22:1 Ai(1 - i) +p—1
Zzt':l ei(1— pi) +r—1

n =
1S a positive integer,

(ii) we have Ay < egxn for 1 < k <t, and with n as in (i).

If (i) and (ii) hold, then n is the index of any subgroup in I" realizing 7.

Proof. By Theorem 1, a tuple 7 € N5 is the type of a finite index subgroup in T if
and only if there exists a transitive permutation representation of I' of degree n such

2Cf. [15]. The basic idea of Lyndon’s theorem goes back to Nielsen [38].



14 CLASSIFICATION AND STATISTICS OF FINITE INDEX SUBGROUPS

that \
M, = ST Ak (20)
Pk
and with n as given in the theorem. Solving (20) for )\, and substituting the resulting
expression into the definition of n in (i), we find that
t

Z(pi DM +n(r—1)+1=uy, (21)

i=1
that is, the second equation in Theorem 1 holds as a consequence of (20) and the
definition of n.

We first show that our hypothesis (i) is equivalent to the assertions that the numbers
My, ... M, n, as given by the equations above, are in fact integral, and that n > 0. For
n there is nothing to show. We have

T{EZQ@r—DIIm+%T—UIIm}=§:&@r—UIIw+%M—DIIm~

i—1 i i
Reducing modulo py, for some k € [t], this equation becomes

nex(pe — 1) [ [ 2 = Melox — 1) [ [ pj mod py,
itk itk
implying nex, = Mg (px), since the factor (py — 1) H#k p; is invertible modulo py. This
shows that all M} as defined above are indeed integral.

Clearly, condition (ii) is equivalent to the assertion that the quantities M), as defined
above are non—negative. Moreover, for 1 < k < ¢, the trivial inequalities A\, > 0
correspond to the inequalities py My < exn, while g > 0 corresponds to the inequality
S (pi—1)M; >n(1—7)—1. For each i = 1,...,¢ choose integers mi, . .., M., >0
such that p;m;; < n and Zj m;; = M,;. We shall construct a transitive permutation
representation ¢ of I' of degree n such that ¢(x;;) has precisely m;; cycles of length p;
and n — p;m;; fixed points.

If r > 0, then we can choose ¢(x;;) in S, subject only to the above condition on the
cycle structure, and map the r generators of the free part of I' to the n—cycle (1,...,n),
in this way ensuring transitivity of the image. Hence, we can assume from now on that
r = 0, which means that the inequality corresponding to p > 0 becomes non-trivial.
Without loss of generality we may further assume that pym.; > p;m;; for all ¢ and j.
In order to define ¢(x1;) we choose my; disjoint cycles of length p; in [n]. The image
of the (lexicographically) next generator z;; (that is, z12 or zo; at this stage) is then
constructed as follows: we choose the first point from each of the first p; cycles of ¢(x17)
to form the first p;—cycle of ¢(x;;); then we choose a second point in the p;~th cycle
of ¢(x11) and one point from each of the next p; — 1 cycles of ¢(x17). We continue in
this way until we have constructed m;; cycles of length p; (which then define ¢(z;5)),
or until not enough free p;—cycles are left to continue (that is, less than p; for the first
step, respectively less than p; — 1 if the first step occurs). In the latter case we proceed
as follows: going through the p;—cycles of ¢(x11) from left to right, we choose the first
free point (that is the first or the second point in the first p;—cycle at this stage), the
first point in each of the remaining free p;—cycles, and enough fixed points (from left to
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right) of ¢(x11) to fill up another p,—cycle. We iterate this second procedure until we
have constructed m;; cycles of length p;, or until there are less than p; — 1 fixed points
of p(x11) left. In the first case we have completed the construction of ¢(x;;), in the
second case we combine the remaining fixed points of ¢(z1;) with the correct number
of free points in the p;—cycles to form a further p,—cycle. If this last step occurs we
construct the missing number of p,—cycles arbitrarily from remaining free points.

We have to check that at each stage we have a sufficient supply of free points. Assume
that this is not the case. When starting the second procedure, the first p;—cycle of
©(x11) contains at least one free point, thus we can at least link all the p;—cycles. Since
all points not free are moved by ¢(z;;), and at least one fixed point of p(x11) is moved by
©(x;;), the permutation ¢(z;;) has less fixed points than ¢(x11), that is, p;m;; > pimay,
contradicting the maximality of pymq;.

The image of the next generator is chosen by repeating the procedure leading to ¢(x;;),
now linking orbits of (¢(z11), p(x;;)) instead of cycles. Since the number of free points
at our disposal increases with each step, we can define the action in this way for all the
remaining generators.

Finally, it remains to show that the action obtained is transitive. Clearly, this is the
case if we are running out of fixed points while performing the second procedure. Hence
assume that this situation never occurs. Then, in every step of the construction, a newly
formed py—cycle links pr, — 1 orbits previously disconnected, thus the number of orbits

after the construction of mj; cycles of length py,..., my., cycles of length p; equals
t et t
n — ZZmij(pi—l):n— ZMi(pi—l)zl—,ugl
i=1 j=1 i=1

by equation (21) and the fact that » = 0. Hence, there is exactly one orbit, that is,
we have obtained a transitive action. The last assertion of the theorem follows from
Equation (4). O

Remark 2. Consider the group I' = Cy x C5 % Cs5. Then the quantity n defined in
condition (i) of Theorem 2 satisfies
29n = 15X, + 20\s + 24X; + 30(p — 1).
We can find a solution (A1, Ao, Az, 1, m) of this equation such that \y > n; for instance
A =29m, Ay =X3=0, u=1, n=15m.
This shows that conditions (i) and (ii) in Theorem 2 are independent.

Remark 3. Note that, for every tuple 7 = (Ay, ..., ;1) € Ng“ satisfying conditions
(i) and (i), the proof of Theorem 2 effectively supplies a finite index subgroup realizing .

4. THE REALIZATION PROBLEM FOR ISOMORPHISM TYPES, II: NORMAL AND
NON—MAXIMAL SUBGROUPS

Let I be as in (1). In this section, we shall be concerned with the isomorphism types of
normal and non—maximal subgroups in I'. More specifically, we shall obtain sufficient
conditions for a type realizable in I" to be realized by a non—-maximal subgroup, and we
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shall derive properties of types realized by, as well as some existence results for normal
subgroups.

4.1. Non—maximal subgroups. As we shall see (among other things) in Section 5,
almost all subgroups of finite index in I' are in fact maximal; hence, we have to expect
further non-trivial restrictions, when trying to realize types via non-maximal subgroups.
Here, we shall prove the following.

Proposition 4. Let I' be as in (1), let 7 = (A1, ..., \; 1) be a realizable type for T'; and
let n be as given in Theorem 2. Suppose that n > 1 is not prime, and that

w> <sz -1 — 1) min p.

pln

Then there exists a non—mazimal subgroup of finite index in T' of isomorphism type T.

Proof. Let d be a proper divisor of n, 1 < d < n. Suppose there exists a subgroup A’
of index d in I' such that 7(A’") = (\},..., \;; i) satisfies

n\N,>d);, 1<j<t (22)

Then we can apply Theorem 2 to see that A’ has a subgroup of index n/d realizing
7, that is, 7 can be realized by a non-maximal subgroup of finite index in I". Indeed,
condition (i) is satisfied since 7 is realizable and the Euler characteristic is multiplicative
on subgroup chains, while condition (ii) of Theorem 2 corresponds precisely to (22).
Define A} to be the least integer satisfying both (22) and the congruence \; = de; (p;).
We claim that there exists x4/ > 0 such that (\,..., ;') is realizable in I', which
implies Proposition 4 by the argument above. Clearly, an integer y’ > 0 satisfying

1
> A;(l—;) + 4 —1=—dx()
exists if and only if the quantity

> (de;— M) (1- l) + (r—1)d + 1 (23)

, pi

(2

is integral and non-negative. Integrality of (23) is clear by the definition of the numbers
Al .oy AL Since d A /n < X, < dX;/n + p;, the expression (23) is bounded below by

Z(dei —d\;/n —pi)(l — %) +d(r—1)+1

1 d 1
:d<;ei(1—ﬁ)+r—1) —ﬁ;Ai@—E) —;(pi—l)—i—l

= —dx(T) ~ S x) 1) = - )+

i

—d(u=1/n =3 -1+ 1

%
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Now we choose d to be the largest proper divisor of n, that is, n/d = min,, p. Then
we find that (23) is certainly non-negative, provided that

> (;pl t 1) r§)1|1nnp.
In order to see that the tuple (\},..., \}; /) defined under the latter condition is real-
izable in T', it remains to check that A\, < de;. Since 7 = (A1, ..., \; 1) can by realized
by assumption, we have \; < ne;, and hence by definition of A, that A, < de; + p;.
However, the construction of A, also implies that X, = de; (p;), and we conclude that
indeed X\, < de;, as required. O

Remark 4. As we shall see in Section 7, most finite index subgroups have a free part of
rather large rank p, in particular, the condition on p in Proposition 4 becomes weaker
as n increases. On the other hand, while condition (ii) of Theorem 2 becomes vacuous
for I' = PSLy(Z), we shall see in Section 8 that the assertion of Proposition 4 does in
fact not hold in the modular group without some assumption on the size of .

4.2. Normal subgroups. Let I' be as above, and let A < I'" be a subgroup of finite
index in I'. Then A is normal in I' if and only if the induced action of I" on I'/A is
regular. Concerning the type of a normal subgroup in I' we have the following.

Proposition 5. Let A be a normal subgroup of indexn in T of type T(A) = (A1,..., A\ ).
Then we have n | \; and \; < ne; for 1 <i <t. Moreover, either n =1 orn = p; for
some i € [t], or 3., (e; — 2) > 2.

Proof. In the notation of Section 3, we see that for i € [t] and j € [e;] the multiplicity
m;; is either 0 or n/p;. The divisibility property follows from this observation and
Theorem 1. The upper bound for \; is already contained in Theorem 2. Now assume
that >, (ei — %) < 1. By Theorem 1, this means that all the x;; with at most one
exception act trivially. However, a cyclic group of order p; cannot act transitively on a
set of cardinality other than 1 or p;. O

As a first application of Proposition 5 we obtain the following statement.?
Corollary 2. Let p and q be primes. Then every normal subgroup of finite index in

I' = C, x Cy s free, unless it is of index 1, p, or q.

Proof. If A JT is not free, then ), (e; — %) < 2, hence (I' : A) is 1, p, or g by the
previous proposition. Il
Furthermore, we have

Corollary 3. Let I' be as in (1), and let A be a finite index subgroup of T of type
T(A) = (A, ..., ;). Then (Np(A) : A) | ged(Aq, ..., \); in particular, A is self-
normalizing, provided that ged(Ay, ..., A\) = 1.

3For the special case of Corollary 2 where T" is the modular group cf. for instance [6, Theorem 3.4.1].
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Proof. Replace I" with Np(A), and apply Proposition 5. O

In the remainder of this section we take a look at the existence problem for normal
subgroups. Denote by fJ(I') the number of free normal subgroups of index n in I', and
let s3(I") be the number of all normal subgroups of index n. Moreover, the difference
so(l) — fAT), that is, the number of non—free normal subgroups of index n in I', will
be denoted by f(I'). By Theorem 1, the number f,(I') of non-free normal index n
subgroups, after multiplication with (n—1)!, equals the number of regular I'-actions on
[n], with at least one of the generators x;; of I' acting as the identity. Furthermore, the
number of regular I'-actions on [n] mapping the generator x;; onto the identity equals
the number of all regular representations of degree n of the group
Cot k- oox O % C’;f"_l # Cpittt ok OpFt % F

Classifying regular I'-actions of degree n by specifying the set of those generators z;;
acting as fixed—point—free permutations, we find that

) =TT (5) st w eyt ) (24)

where the summation extends over all t—tuples (¢/, ..., e}) of non—negative integers such
that e} < e; for all 4. In order to invert equation (24), consider the poset

P = {(5 e {0, 111N, Zn(S(p, n) < oo},

where II denotes the set of all primes, with componentwise definition of the partial
order. We interpret s;, and f, as functions on P by setting

s(0) == 82(;; C;‘S(p’”) * F),

n

with a similar convention for fY. Note that fJ(I') = f3(5), where

5 ) 1, p=p; forsomel<i<tand m<e
p,m) =
0, otherwise.

With these conventions, equation (24) becomes
su(@) =) fi(n), seP.
<4
Mobius inversion now gives
£i0) = S ()P, s e,
<o

where [[0][ := >~ , ) 6(p, m). Returning to our original setting, the last equation yields

pm= S e I (G) st G e ).

(€)5-rep)<(e1,....et)

Summarizing our discussion, we have obtained the following.
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Proposition 6. We have

o=y <—1>1+2i<@i—6%>H<Zi) su(Cotw - x Glix F). o (25)

(€),-nep)<(e1,...,et)

There are two cases where the right-hand side of Equation (25) becomes particularly
simple.

Corollary 4. (i) Let T = C33. Then T has exactly 3 non—free normal subgroups of
any even index, and none of odd index greater than 1.

(ii) Let I' = C,*Cw, where p is a prime. Then I' has precisely one non—free normal
subgroup of index n for each n.

Proof. By Proposition 6, we have
FalC5%) = s3(1) = 3s5(Ch) + 3s3(C57).

The infinite dihedral group C5 % C5 contains 2 subgroups of index 2, as well as one
normal subgroup of every other even index, and none of odd index greater than 1,
whence (i). Similarly, Equation (25) gives

Fu(Cyx C) = 53(Coc) = 1.

5. ASYMPTOTIC ENUMERATION OF SUBGROUPS WITH GIVEN TYPE

For a (t 4+ 1)-tuple 7 = (A,..., ;) € N5 define s.(I') to be the number of finite
index subgroups in I" with isomorphism type 7, and let s,,(my1, . .., My, ) be the number
of index n subgroups A in I such that, for 1 < i <t and 1 < j <e;, the group (z;;)
acts as a product of precisely m;; cycles of length p; on A\I'. Similarly, denote by
hy(ma1, ..., me,) the number of homomorphisms ¢ : I' — S, such that ¢(z;;) consists
of m;; cycles of length p; and n — p;m;; fixed points, and let ¢,(m1,...,ms,) be the
corresponding number of transitive representations. Among these quantities we have
the following relations.

Proposition 7. Let I" be as in (1).

(1) sp(mag, ... ,Mye,) = tu(ma, ..., Mye,)/(n — 1)1
(H) fO?“ T= ()‘17 ] >\t7:u) € N6+17
ST(F) - Z Sn(mlla"'7mt8t)7

M1, Miey 20

(R

where
Zi/\i(l_p%) -1

Zlel(l—p%) +r — 17
provided this fraction is integral, and s, (I') = 0 otherwise;

n
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(i)

" /n—1
hn(m117 s 7mt€t) = Z (V N 1) Z tl!(ﬂll? cee 7/~Lt6t)

JL eesitey >0

hn—l/(mll M1y - ey Mgy, — ,U/tet);

€i

t
(IV) hn(mn, Ce ,mtet = T H

=1 j=

T migl(n — pzmm)'p ’

Proof. (i) This reflects the fact that a finite index subgroup A of I' gives rise to a
permutation representation of I' on the cosets of A, and that every numbering of these
cosets as 1,...n such that A -1+ 1 yields a representation I' — S,, with stab(1) = A.

(ii) This is a reformulation of Theorem 1.

(iii) A permutation representation I' — S, taking x;; to a product of precisely m;;
pi—cycles is completely determined by specifying its domain of transitivity containing
1, the transitive action of I' with certain parameters p;; on this domain, and the action
of I on the complement of this domain with parameters m;; — p;;.

(iv) This follows from the mapping property of I" and enumeration of the corresponding
set of permutations. O

In principle, Proposition 7 contains complete information concerning the function s, (T').
However, since the relation between A and ¢ involves multiple summation over indepen-
dent variables, Proposition 7 does not immediately lead to an asymptotic evaluation of
s-(I'); in particular, a generating function approach as in [24] seems difficult. In order
to investigate the asymptotics of s.(I'), we will need the following purely analytical
result.

Lemma 2. Let p > 2 be an integer, £ € (1/p,1), and let € > 0. Then there exists a
constant C' depending on p, ¢ and €, such that for alln,v and m, subject to the restriction
0 < n—pm < nt, the inequality

20T e () &

holds true.
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Proof. Without further mention we shall assume that n is sufficiently large. Also, by
symmetry, we can suppose that v < n/2. Assume first that v < logn. Then we have

S0 <

u=0 K

pu=0
m m m
:n€u§:< > _Qnuf
ntr
pn=0

On the other hand, we have

n n
> (v v > y(1—210g10gn/10g”).
(0)z G >

Comparing these two bounds, we find that

m S — €
Z <m> <n —pm) < 2(”) T-2Toglogn/Tog § (n> o+ |
o \1/\V —pp v v

Hence, we may assume from now on that v is large. First, we consider the contribution
to the left-hand side of (26) of large values of y, that is, v — pu < 4v¢. We have

> (e =GO

v/p—4vt /p<u<v/p

For n and m fixed, let C'(v) be the constant defined by the equation

Sy -co(l)

u=0
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We already know that C(v) < 1 for v < logn. We have to show that C'(v) is bounded
independently of v. For this we use induction on ». We have

v—a(v+1)t+1

TR N Sl () TR T B

MZO /LZO

v—a(w+1)t+1
z m\ (n—pm\ n—pm n \
< 2 ()0 ()
- p)\v—pp)v+l—pu \v+1
v—a(v+1)¢+1
n—pm 2 m\ (n —pm n \
< P
“STory & (u)(v—pu>+<wr1)
ng n L+e n l+e
< —C .
~4(v+ 1) ) <1/) * (V + 1>
On the other hand

() = () ) ()

Comparing these bounds, we see that

Clv+1)<

implying C(v) < 2 for all v. OJ

With Lemma 2 in hand, we can now establish the following.

Theorem 3. Let I" be as in (1), and let t,, and h,, be as in Proposition 7. For1 <i <t
and 1 < j < e;, let l;; be real parameters subject to the relation 3, ;(€i; — 1) <1 —1,
and the boundary conditions 1/p; < £;; < 1. Then, for every e > 0, n sufficiently large,
and with quantities m;; satisfying n — pym;; < nbii, we have

tn<m117 B 7mt€t) — 1| < nl"rzi,j(éij_l)_r"'e
h‘n(mlla cee 7mtet)

Proof. Consider the terms on the right-hand side of Proposition 7 (iii) with v = n.
These terms involve a factor ho(mi1— i1, - - - , Mie, — fite, ), Which is zero unless m;; = jui;;
for all 7 and j, in which case it is 1. Hence, the only term with v = nis t,,(mqq, . .., My, ).
Thus, we have

hn(mlh ce 7mtet) - tn(mlh ce 7mtet) -

n—1
n—1
( ) § to(pans - s fote)) hn—u (Ma1 — pa, - oo Mue, — flie,)-

K115 phtey 20



CLASSIFICATION AND STATISTICS OF FINITE INDEX SUBGROUPS 23

Replacing t by h on the right—hand side of the latter equation, and substituting the
explicit expression for h, given by Proposition 7 (iv) gives

|hn(m117"'7mtet) - tn<m117"'7mtet>’ S
n—1 n—1
)3 2 o] H -
v=1 (V B 1) H11yeestite, >0 V — Pilti J) ’

n—uv)!
ooy TTT =)

ng Nz]) (n — V= pz(mz] Nzg)

Dividing this inequality by

hn(mag, ..., m,) = (n)" H H

and collecting terms we find that

| i
ng n _pszJ) p

tn(mlla--wmtet) _ 1‘ S
hn(mlla"'amtet)
(o)) I 2 e
() s (o)),
v=1 v—1 v i=1 j=1 v 11i;=0 Hij V — Difbij

(27)

Applying Lemma 2 to each of the factors on the right-hand side of (27), we get
tn(mat, ... Mye,) ‘ — <n - 1> (n) -
h —h =
n(Mat, .o Mye,) —~\v—1)\v
n —1+L;+e
X H H C(pi, lij, €) (V)
i

n i bitem1)=r+l
() |

By assumption, » ( 1) r+1 = —¢ for some ¢ > 0, hence the exponent is negative,

provided that, say, € < Z , in which case the whole sum can be estimated by its largest
lij+e—1)—r+1

A

(@}
iz

term n2is , and the assertion of Theorem 3 follows upon renaming €. Since
the right—hand side of (26) increases with €, the result follows in general. 0J

For future reference we note that in the proof of Theorem 3 we did not expand the
summation over v; in fact, for each v, the proportion of homomorphisms counted by
hyn(ma1, ..., my,) such that the domain of transitivity of 1 consists of precisely v points,

IS O(( )21](&]4-6 1) 7’+1)
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Corollary 5. Let T be as in (1), and let p=n(>'_, e;(1 — 7) +r—1). Then we have
for sw....04)(I), the number of free subgroups of index n, the estimate®

$(0,...030) (I') = (1 +0 (n”zz‘“/’”‘”‘”e) + @(<n_1)>

t
X (n!)X(F)nlfzﬁﬂ €i/2 H p?ﬂneiﬂpi,
=1

provided that p;|n for all i, and s, 0, (I') = 0 otherwise.

Proof. From Theorem 1 it follows that the condition p;|n is necessary. Hence, assume
that this condition is satisfied. By Proposition 7, we can compute h,(n/p1,...,n/p),
and by Theorem 3 we can approximate t¢,, by h,,, where we choose ¢;; = 1/p; + ce with
some sufficiently small ¢. From this we obtain

— 1+Zz‘(1/pi_1)_r+€
5(0,...,0;#)(F) - (1 + O (TL n _ 1 l H H n/ ‘
i=1 j=1 p’b p
Approximating the factorials by means of Stirling’s formula, we obtain
8(07__'70#1)(11) = (1 + 0O (nl—i-zz'(l/m—l)—r—l—e)) on- (n!)r—l

t e
7 B . _ v 1
X HHn|1 1/pz\/27in 1/2+1/2p1 (1 + O (5)>

i=1 j=1

— (140 @Sy o (L
n

t
w pIX@)p1=30 /2 pri/2nei/2pi_

i=1

n/pl

OJ

Remark 5. Theorem 3 becomes vacuous in the case when x(I') > 0, since in this case
the assumptions on the parameters {;; cannot be simultaneously satisfied. On the other
hand, if x(I') < 0, then such {;; always exist.

6. FURTHER ASYMPTOTIC RESULTS

6.1. Enumerating subgroups by rank. Among the subgroups of a free product,
free groups naturally play a prominent role. In connection with the construction of
automorphic functions, Poincaré asked whether ‘almost all’ finite index subgroups of
the modular group are free. If subgroups are enumerated by index, a negative answer
was given in [22, Proposition 3] for all groups I' of the form (3) with x(I") < 0; however,
in the case of the modular group for instance, the probability of index n subgroups
to be free decays like 6_6"1/2, which is rather slow compared to the size of the sample

4A more precise result for the free subgroup growth of an arbitrary virtually free group can be found
in [21].
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space, which tends to infinity like n!"/¢. Moreover, as we shall see in Section 7, almost
all subgroups A have a free factor accounting for all but O(n'/?) of the generator of A;
thus, in two different senses, Poincaré’s question ‘almost’ has a positive answer.

If PSLy(Z) acts in the usual way on the upper half plane, the rank of a finite index
subgroup A determines the genus of a fundamental domain for A; hence, from an
analytical point of view, it appears more natural to enumerate finite index subgroups
by rank rather than by index. Our next result shows that, in this sense, a positive
proportion of all finite index subgroups is free. For I' as in (1) and an integer n, let
rn(I") be the number of finite index subgroups A of I' of rank n. Note that for such
a group A, we have 1 —n < x(A) <1 —n/2, thus, by (2), (I' : A) is bounded, and
7,(T) is finite for all n. Let rf(I") be the number of free subgroups of I' of finite index
and rank n. Trivially, r,(I") = 0, unless n — 1 is divisible by the numerator of x(I'), in
which case we call n admissible. With these definitions, we have the following.

Proposition 8. Let I' be as in (1). Then, as n tends to infinity through admissible
numbers, we have

where
1

t et 1

o) = Z H H E

K11yeeeshtey =1 j=1 Pikij — rk(I‘)fl)!
ZI{Z’]'EO (rk(F)fl)

satisfies 0 < C(I') < 1. In particular, for Hecke-groups H, = Cy x Cy with ¢ > 3 a
prime, we have

1 2 -

v=1

Here and in the sequel, we adopt the conventions that factorials of negative integers are
evaluated as oo, and that é = 0.

Proof. Let A be a finite index subgroup of representation type (m;;, ). By Theorem 1,
the rank of A can be computed to be

t

rk(A) =Y " N+ p=n(k(D) — 1) = Y M(A).

k=1 k=1
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Summing over all possible indices of rank n subgroups, we obtain
@) = Y {A:(T:A)=vrk(A) =n}
IHSD I' = S,, p(y) transitive, (rk(I') — 1)v — Z M (¢) =n}|
k
(28)

1
- EV:(V 1)
)l

H]Hl pf”m] v(fi) = pittis)!

H115--+54tey
> pig=n—1 (rk(I')—1)
o:I'— S, transitive and of representation type Wiy V([
j
}{gp F — S, of representation type (u;;, v }|

'

=:6(i)

1tl

Y

where v(fi) = %)Zi‘l” As A ranges over all finite index subgroups of rank n, the
parameters fi;;, 7 become maximal for A free. Denoting by “m , v these maximal

values, we have
(O)__n—l (0) ’I’L-l
VW= ——— 1 -
x(I) ’ pix(I')

Since 0(fi) < 1, the sum above is dominated by

Z —1) (v(ii) — 1)! Hjl_[l pf”,uw ﬁ) — Dikij)!
' (29)

M1, hte,
2 mig=n—1 (rk(I')-1)
) _ 1)!
_ (0) rk (M)—1 (V
=V HH M(O) (o), Z (V(o) _ 1R’ 1)!
i=1 j=1 i “ Iu” | K11,esKtey rk(T)—1 :
Z“W]’EO (rk(I‘)—l)
kis (0 7] tk(T)

i ]/’LSJ)' (V(O) - rk(F)—l)!

Y I )

X HH (0)
i=1 j=1 y’zg - KU) (pi/{ij T ork(D)—1

where we put |5| =) k;j. For a tuple &, define S(K) b

© — 1)
S(F) = ((Z) Izél
I — rk(F)fl)
Ky IR rk(T)
P )t LW — o= +1) .
ST O] ’

)| Eom—
i=1 j=1 lu’zj _KJU> (pzﬁzj rk(T)—1
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in particular, S(0) = 1. Fix a pair of indices iy < t,jy < e;,. For a tuple &, let &' be
the vector obtained by increasing r;,;, by 1. Then we have

& || ()
(v — ) (P(V«)) - ma t+ 1)) (4O

|R]+1 |R|+1 luiojo - Iiiojo)
F(V(O) B rk(F)*l) F(V(O) - rk(I‘)fl + 1)

S(R) = S(R)-

o U (pioiojo — k ‘Ilj)l 1 H H L(pikij — rk(|1lj)| +1)
2070 R|+1 R|+1
L'(Piokijo — rl«l:(IL) T+ 1+pi) i1 Dipisi; — rl‘((II‘)fl +1)

( 7])#(10»]0)

say. Using the log-convexity of the I'-function together with its functional equation, we
obtain

. —1

1 v —p K

A< 0) _ |K‘ 0 _ i) = . fjoioJo
> (V rk(F) 1 (:uzojo K oJo) Divio p(0) — %

and

|/%»‘ *p»LO‘F% t et | | 1/(rk(T)—1
B < piokiojo — T — iKij 1
—(p()“”“ rk<r>—1> I111 (p’“ tk(T) - 1+)
i=1 j=1
(4,5)#(i0,J0)
If we assume that (i, jo) is chosen in such a way that p; iy, > pi(ki; — 1) for all 7, 7,
these estimates can be simplified to

1 (0
Diojo . v —2’

B < 45.._¢ o -/1<~—L+1+max- .
> DPig 1070 rk(F) 1 Dig 10J0 I'k(F) 1 5 Di |
in particular, for n sufficiently large, S(<) is bounded independent of n, and if &;j,
is sufficiently large, and p;,kiyj, > pi(ki; — 1) for all 4, j, then S(&') < 35(r). Hence,
the sum on the right-hand side of (29) is dominated by an absolute converging sum,
which is independent of n. By Theorem 3, for & fixed and n — oo, we have 6(ii) — 1,
where [i denotes the transformed parameters corresponding to x;; and n. Hence, the
right-hand side of (28) and the left-hand side of (29) are asymptotically equal, and we
may interchange the limit n — oo with the summation on the right hand side of (29).
To prove our claim, it suffices now to compute the limit as n — oo of a single summand.
We have, as 19 — oo,

A <

—

K 7] rk(T)
(@ —1)! HH P! (" — =)
(1/(0) — || — 1 || )] 1/(0)!

rk(T)—1 =1 j=1 IU’ZJ Hij)'(pi'%ij T ork(D)-1/"

wHH pi” (1 /ITE| )"

i=1j=1 (pikiij — rk(D)— 7)!
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It follows that

t et 1

TH(F> ~ T£<P) ) Z H H RS

K11y, Ktey i=1 j=1 (pi,iij - rk(I‘)fl)'
ZHUEO (rk(F)fl)

From this our first claim as well as the estimate 0 < C(I") < 1 follow. Moreover, for T
a Hecke-group H, = Cy * C;, ¢ > 3 prime, we obtain

1
rolHe) o~ ra(Hy) Z (i =g = 1)j — 3!

N - ((a-2)j 1
- A (U )G

6.2. Maximal subgroups of free products. Our next result establishes the fact,
already mentioned in Section 4.1, that, with probability tending to 1, a subgroup of
finite index in I' is maximal.

Proposition 9. Let I' be as in (1), and suppose that x(I') < 0. Denote by s,"**(I)
the number of non—maximal subgroups of index n in I'. Then we have

Sﬁmam (1’\)

n

—py = o) (o)

that is, almost all finite index subgroups of I' are maximal.

Proof. Define t,"**(I") to be the number of homomorphisms ¢ : I' — S, such that
(') acts transitively and imprimitively on [n]. As s,"**(I') = t,™**(I")/(n — 1)!, it
suffices to show that ¢,**(I") /t,(I") tends to 0. Since t,, ~ h, (cf. [22, Prop. 2]), the
latter assertion is equivalent to the statement that ¢,"**(I")/h,(I') — 0. Let ¢ be a
homomorphism counted by ¢ ™% (T"), Q C [n] a domain of imprimitivity for ¢, and put
|2] = d. Then there exists a partition of [n] into n/d sets which is invariant under ¢(T"),
in particular d divides n. The image ¢(I") is contained in a subgroup of \S,, isomorphic
to Sq ! Sp/q, which is determined by € and its translates. From this observation, we
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obtain the inequality

t," () < Z ((n/d)!)f1 (d " ) |Hom(T", Sy 2 Syy4)|

oo d
dn
l<d<n
t (30)
_ n €
=Y ((n/a))” (d d> 1S40 Ssal” T [Hom(Cy,, Sa 2 Snja)
» e paley
1<d<n
For i =1,...,t define functions
_ ([Hom(Cy,, S.)[\ "
fpz(n> = ( (n!)lfl/pi .
Then we find from the asymptotic formula®
Hom(C,, S,)| ~ K, (n!)'=1/: "2 (n o0 31
Di pi

that f,,(n) — 1 as n — oo; in particular, f,,(n) is bounded for every i. Putting f(n) :=
max<i<¢ fp,(n), it follows that f is bounded, too. We can compute [Hom(Cy,, S4315,/4)|
by first fixing the cycle structure of the canonical image in S, /4, and then defining
homomorphisms ¢ : C),, = S41C,, respectively C),, — S, in the same way as we did in
the proof of Theorem 1. This gives

n/d (d!)j(pi_l) .
. = S SV & | _ n/d—jpi
|Hom(C,, SatSn/d)l j; (pz’, --,pi,l,---,l) j!(n/d—jpi)!| om(Cy,, Sq)|
Sty ———— N —
' J n/d—jpi
< Z( o )—(d!)%_;ﬂ ()"
n(_1 n n/d , , 1
< (@) " (f@)" Y (p. p~/1 1) (4! (n/d — jp)")
deLpL 1yttt (3] AR

— (@705 (f(d))" [Hom(Cy,, Snya)|

< (@)FO) (F()" (/) ™ (f /)"

SCf. [18] and [19]. More precise results concerning the asymptotic enumeration of finite G-actions
for an arbitrary finite group G can be found in [24].
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Using the last bound in (30), we find that

L) < S ((mfa) ™ (dw?.l.,d) f[ (@) (ngay) "

dn i=1
l<d<n

X ((d')”/d<n/d)l)r (f<d))n21e1 (f(n/d))%zlel
= X i) (") @) T (@) ()

dln
1<d<n

Applying (31) again, we see that h,(I') > (n!)'™XI) for n sufficiently large. Dividing
by this inequality, we obtain for large n that

—max n! x(T) NS e ns
tnhn(r(f) < 2 <<d‘!>n/d<n/d'>i> (F@)" = (flfd) = (32)
d|n

First, consider terms on the right-hand side of (32) with d > n'/3. For such pairs (n, d),
the terms involving f are uniformly of magnitude e°™, since f(d) — 1 and n/d = o(n).

Since the same estimate also holds for ((n/d)!)_xm, we have

n! x(@) ny e EDIT oln n! x(T)
> () (@)= )= = 3 (Gm)

dln dln
nl/3<d<n nl/3<d<n

As (d)Y? is increasing with d, the largest term of the last sum will occur for the
maximal value of d, which in turn is at most n/2. Consequently, since W > 2" /n,
the whole sum is bounded above by 2Xx(M"+e(®) “and hence, in view of our assumption
that x(I') < 0, tends to 0 as n tends to infinity.

Now consider terms with d < n'/3. Here, the terms involving f may grow exponentially
fast. We have

n! x(T) A e .
> (i) GO o) -
l<dd<|7:11/3

n! x(I)
DY <(d!)”/d(n/d)!> '

dln
1<d<nt/3
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Using Stirling’s formula in the form n! > (n/e)" together with the trivial bounds d! < d?
and (n/d)! < (n/d)"/?, the right-hand side becomes

n

0O () Z <(dl)”/g—én/d)!>X(F)SeO(H) Z (W)X(F)

dn din
1<d<nl/3 1<d<nl/3
<o 3O (n_”>x<”
- nn/3pn/2
din
1<d<nl/3

< O px(Onf6

which also tends to 0 as n — oo. O

7. DISTRIBUTION OF ISOMORPHISM TYPES

In this section, we establish limit laws for the distribution of isomorphism types of finite
index subgroups in a free product I' = Cy¢t % - - - x O3 x F,.. For i € [t] and n € N define
random variables &, by choosing a subgroup A of index n in I at random with respect
to uniform weights, and putting &;,, = \;, where 7(A) = (A1,..., A\;; ). Then we have
the following.

Theorem 4. Let I' and &, be as above, and suppose that x(I') < 0. Then, as n — oo,
the variables &1y, . .., &n are asymptotically independent. Moreover, for each i € [t],
the distribution of &, converges weakly to a normal distribution with mean e;n'/? and
standard deviation \/e_inl/(zpi). More precisely, we have, for real x,

1 v 2
P( in < en'/P x\/einl/(2p1)> = — / e ds + O(n—°0), 33

where §(I") = %min (p%’ o plt)

Each statement on distributions depends on a weight function. While uniform weights
are certainly the most straightforward choice, they are by no means the only interesting
one; for instance, one could define the weight of a subgroup to be the reciprocal value of
its class number. In the context of wreath product representations, it appears natural
to assign to a subgroup A the weight |Hom(A, H)| with some fixed finite group H.

For a prime ¢, define random variables 552) by choosing a transitive representation
Y I'— Cy 1S, (with respect to uniform weights), putting A = stab.,(1), and setting

553) = \;, where 7(A) = (A,..., \; ). Then the analogue of Theorem 4 reads as
follows.

Theorem 5. Let I" be as in (1), and let q¢ be a prime. Then, as n — oo, the variables
(2)

Iy - ,fﬁf{) are asymptotically independent. Moreover,

(i) if q # pi, then the distribution of 5;3) converges weakly to a normal distribution

€

with mean —=~i7; n'/Pi and standard deviation ql/z,%nl/(%),
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(ii) the distribution of 51-(?) converges weakly to a mormal distribution with mean
ei(pin)YPi and standard deviation \/e; (pmn )Y/ (%),

In both cases, the error term is as in Theorem 4.

For the proof of Theorem 4 we need the following lemma.

Lemma 3. For1 < i <t and 1 < j < ¢;, define a random variable éz»j by choosing
v € Hom(T', S,,) at random, and setting

é-j := number of p;—cycles of ¢(xz;;).

Then these variables g}j are independent, and satisfy

P(é ilhadi P S L O N
i <mg+ x ): / e ® s + n- i),
S ’ Di 21 J—o
1/p;
where mg 1= VL_P#J .

Proof. Independence of the éij follows from the universal property of I'. For fixed i
and j, consider the number

n!

X(m) = 5 = [Hom(C,,, S,)| - P(éy; = m)

m!(n — p;m)!p;
of permutations in S,, consisting of m cycles of length p; and n — p;m fixed points. Put
h :=m — mqg with mg as defined in the lemma. Then, for A > 0,

X(m) _ mo!(n — pimo)!p;™°

X(mo) — (mg + h)!(n — psmo — psh)lpmet”

h
H (n —pimo — piv +pi)(n —pimo — piv +p; — 1) -+ (n — pimo — piv + 1)
pi(mo + v)

—

V=

n'/P —p+ O(1))"
—n'/Pi 4+ piv+ O(1)

I
=
S | —

h n — p?ynl_l/pl _|_ O(nl_l/pl + V2n1_2/pi + ypi)
n+ O(n'/ri +v)

v=1
h 2 2 )
B piv 1 v vPi
- 1_[1 [1  pl/pi + O(nl/pi T n2/pi + 7)}
h p?h2 1 V2 pPi
- P < N Z (nl/Pi + O(nl/pi + n2/pi T 7)))

= ex —ﬁ—i-(?( h + " —i—hpiH)
- P onl/pi nl/pi  n2/pi n ’
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which is non-trivial for h = o(n? ). A similar computation for h < 0 gives
X(m) pih? b |hP |t
X (mo) = €xp <_ 2nt/pi t O(nl/m T n2/pi + n > ’

i.e., we obtain the same main term and the same restriction on h. Since X (m+1)/X (m)
is decreasing, X (m) is unimodal; hence, the contributions coming from the tails of the
distribution are negligible. Let x € [—n!/(10P) n1/(0P)] By what we have shown so far,

1/(2pz)
i < mg+ alt 22
P(&; (T:O v )pz ) _ > en (- L oo
ij = Mo ‘
J 1/;2191)

K3

3/<°p1)<h< L

2,,1/(5p:)
+ @(nexp(—p—ln ))

2
nl/(2p;)
T 2h2
1+ 0O(n 5pz)> b ( pz_) dh
( + ( ) 3/ (5p3) exp onl/pi
+ O(n—l/pi)

1/(2pi) o
(1+(9( 5”1)))” / /2 ds

D —o0
+ O(n_l/pi).
Evaluating this equation at z = n'/(%)  and using the fact that
- n3/(pi) nt/(5pi)
P(@-jgmo—l— )zl—l—O(nexp(— 5 )),

gives

° V27mp; 1

L= — ¢ - /5 2)

6= m) = 52 (1000

Using this equation in the previous computation now yields (34). [

Proof of Theorem 4. By Lemma 3,

N nl/(2pi)

%

11 Ttey
(2%)_22“/2/ 2 ds / e 2 ds + O(n™°M). (35)

[e.e]

Fori € [t] and j € [e;], define a random variable (;; by choosing a transitive permutation
representation ¢ of I' of degree n, and setting

¢;; = number of p;—cycles of ¢(z;;).
Since x(I") < 0, [22, Prop. 2] ensures that
ta(L) = ha(D) (L + O@X™))  (n — o0),
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hence, using the fact that §(I') < —x(I'), we see that (35) remains valid, if we replace
each of the &; with the corresponding random variable (;;. The latter observation
implies: (i) that the variables (;; are asymptotically independent, and (ii) that the

estimate
1 r 2
_ =5°/2 4 —4(I)
= e s + O(n 36
) V2T /oo ( ) (36)

holds for each choice of i and j. Transforming the variables (;; into the random variables
&n by means of the equations

L/ 2p:)

P(Cijﬁmo-FIE

)

Sin=1¢6n — p; Z Cija (37)
j=1

which follow from Theorem 1, we find that the &, are indeed asymptotically indepen-
dent. We now use the well-known fact that the convolution product of finitely many
normal distributions is again a normal distribution with mean and variance behaving ad-
ditively. Theorem 4 follows from the latter assertion, together with Equations (36) and
(37). O

Proof of Theorem 5. For i € [t], j € [e;], and a prime ¢, define a random variable éi(f)
by choosing ¢ € Hom(I', C; ¢ S,,) at random, and setting

fi(;?) = number of p;—cycles of (ep)(x;;).

By an argument already encountered in the proof of Theorem 1, we have

R ml(n — Zmlma Q#pi
Hom(Cy,,Cy15,)] - PEY —m) = "0 POT:
n!p; _
2m q_p’l

m!(n — pim)!p;
The proof of Theorem 5 proceeds now in a fashion analogous to that of Theorem 4,
replacing Lemma 3 by the following.

Lemma 4. For fized q, the variables éz-(;’) are independent, and satisfy

N n nl/pi nl/(2pi) 1 r 2
0 P(Ep Lo I Y L[ e, o
J Di piql—l/l?z piql/Q—l/pz 2 ) ( )
Zf q # Di,
. 1/pi 1/(2p:) 1 x
s ) NN n ) _ —52/2 —1/(5p:)
(ii) P(fij S pi plim +xpz;—1/(2pi) - \/ﬁ/ooe ds + O(n ).

8. THE MODULAR GROUP

The purpose of this final section is to summarize the impact of the theory developed so
far towards the solution of the Poincaré—Klein problem (problems I-III) for the modular
group I' = PSLy(Z). While some of the results in this section follow immediately from
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corresponding results of previous sections, the simple structure of PSLy(Z) in some
cases also allows us to obtain improved versions. Furthermore, we demonstrate that
some of the seemingly technical hypotheses in Sections 4 and 5 are indeed necessary, and
we establish an asymptotic expansion for s,(PSLy(Z)) considerably refining Theorem 3
for the modular group under similar hypotheses. For the remainder of this section, I"
will denote the modular group. The isomorphism type of a subgroup A < I', A =
5o % C5F % F,, will be denoted by 7(A) = («, ;7). Moreover, we shall suppress
the second index in the representation type of A; that is, m; denotes the number of
2—cycles, my the number of 3—cycles.

8.1. The realization problem. Our first result is a restatement of Theorem 1.

Corollary 6. Let A be a subgroup of finite index in I'. Then the representation type
and the isomorphism type of A determine each other via the equations

a=n-—2m my=a+28+3(y—1)
B =n—3ms me=a+ 0+2(y—1)
y=m1+2mg —n+1 n=3a+45+6(y—1).

O

Corollary 7. A tuple (o, 3;7) € N3 is realized in T if and only if 3 + 48 + 6y > T;
that is, I' has a finite index subgroup isomorphic to A = C5 * C’;B * I if and only if
X(A) <0.

Proof. Necessity is clear. We have to check conditions (i) and (ii) of Theorem 2. The
equation defining n can be rewritten as n = 3a+45+6(y— 1), which is always integral,
and positive by assumption. Assume that (ii) fails, say &« > n. Then n > 3(n+ 1) — 6,
that is, n < 1, and («, 5;) would be a non-negative solution of 3ac+ 45 + 6y = 7 with
a > 2, which does not exist. A similar argument shows that g > n is impossible. [

Corollary 8. (i) Let 7 = («, 5;7) be an isomorphism type such that n = 3o + 45 +
6(y — 1) is neither 1 nor prime, and with v > 2miny, p. Then there exists a non-
mazimal subgroup of finite index in I realizing 7.

(ii) Let ¢ = 1 (12) be a prime number, 1 < a < q — 1 an integer, and define T :=

2
(q + 2a, q_—94§ﬂ7 q—a— 1). Then there exists a subgroup of index ¢* realizing T,

and every such subgroup s maximal.

Proof. (i) restates Proposition 4.

(ii) We have

q® —9q + 12
4

Hence, any finite index subgroup realizing 7 has index ¢?, and such subgroups exist by

Corollary 7. Let A be a subgroup realizing 7, and suppose that there exists A’ such that

A < A’ <T. Then A’ is of index ¢q and of type (o/, 5';7'), say. From Theorem 2, when

applied to the groups A and A’ (that is, e; = o/, ea = 5, n = ¢, and (A\y, Ao; 1) = 7),

3(g+2a) + 4- + 6(q—a—2) = ¢
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we deduce that o/ > 1, and that 5" > qj?_Q Theorem 1, when applied to I" and A/,
shows that o = ¢ =1 (2) and f/ = ¢ =1 (3). This gives o/ > 3, ' > q_jl—_?)’ and we
obtain the contradiction
q=3d +48 +6(y-1)>9+ (¢+3) — 6=¢q+6.
]

Comparing the two parts of Corollary 8, we see that the lower bound on -y is sharp up
to a constant factor; in particular, Proposition 4 is close to being best possible.

8.2. Asymptotics of s.(I'). An immediate consequence of Theorem 3 is the following.

Corollary 9. Let 7; = (v, Bi;7i) be a sequence of types in N such that n; == 3a;+45;+
1

2_. 5—€
6(y; — 1) tends to infinity with i. Assume that for all i we have o; < n? ~, i < n?
and o;3; < nl ¢ with some fized € > 0. Then

%

STi(F) ~ S ——— (’l — OO)

Exploiting the simple structure of the modular group, we shall obtain a more precise
estimate. In order to state this result, we need a few preliminaries. Given two functions
F,G:N; x N — R, we say that F' dominates G (F = G), if there exists a formal power
series Q(&, Y, 2) = Y. i jo Gigk 'y 2% € Rz, y, 271/6]] such that

(a) gijx =0, unless 4 < k and 3(i + j) < k,
(b) for each € > 0 and every integer N > 1, we have
G(z,y,2) = F(z,y, 2)
x {OijN Gin 'yl 2O+ o((%)N + () D)+ 2 N) }
where the estimate for the error term holds uniformly in the domain
Q. = {(a@y, 2)ENEXN: 0<z< 2?3 0<y<2/?% and ay < 21_8}.
Moreover, F' and G are called equivalent (F ~ G),if F' > G and G > F.
Lemma 5. Let F,Fy, 5, G, G, Gy € RY*N,
(i) If F = G with qooo # 0, and if F and G have the same zero set, then F ~ G.
Conversely, for F' and G not of compact support, F ~ G implies qooo # 0.
(ii) If F1 = G1 and Fy = G, then F1Fs = G1Gs.
(iii) If F >~ Gy and F = G, then F = G + G3.

(iv) The relation = is transitive, and ~ is an equivalence relation on RNo*N,
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The proof of Lemma 5 will be given in the next subsection. For (a,8;n) € N2 x N
define s(a, B;n) to be the number of subgroups of index n and type («, f; %W).
Similarly, define

n-n!

O L T

0; otherwise.

With this notation, we can now state the following refinement of Corollary 9.

Proposition 10. We have s(a, 3;n) = h(a, B;n) with Q(x,y, z) € Q[[z,y, 2~ /5] and
qooo = 1.

Proof. We may assume that n = «(2), and that n = §(3), since otherwise s(a, 5;n) =
h(ca, B;n) = 0. Let Q = Q(mq,mg,n) be the measure space consisting of all pairs
(o,m) € S, xS, such that the corresponding permutation representation has type
(mq, ma;n), equipped with the uniform measure. For ¢ € Ny and ky, ...,k € N, define

1™ =v, A, A Cn]: AN A; =0 #j),
Vi (|Ail = ki, A7 = AT = A;, 1 ¢ Ay) |
Then, by the proof of Proposition 7, we have

s (I') = h(glm_l’{’” {1 - ZP }

where 7 = (o, 5;7) is the isomorphism type of the modular group I' corresponding
to (mq,mg;n). Our task is thus to estimate P(v). Fix an integer N > 1 and a real
number £ > 0, and suppose that («, 5,n) € Q.. We show first that P(v) is negligible
if v € [N+ 1,n— N — 1]. By the observation following the proof of Theorem 3, there
exists a constant C' = C'(8) for each § > 0 such that

—In l1+0o+0—1
P(y)gc() L 1<v<n,
1%

where /1 := max (%7 igiz) and /5 := max (3, logn) It follows that
n—N-—1
> P(v) = O(nltttro-nen)
v=N+1

= o(((n"” + ) + Byni)™ )

O((m)" + (o) + ()" + ),

n

provided that

0+ 4y +0<1 and n‘s(NH)( 5 —|—£+—ﬁ+ _1/6)<1.
n2/3 " /2
Both these conditions are satisfied for § = ~oi- Next, we show that, for each v €

[1, N]JU[n— N,n—1], the probability P(v) is dominated by the function 1 with ggoo = 0
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and ¢, € Q. Having completed this step, our claim will follow from Lemma 5 (iii). By
the inclusion-exclusion-principle, we have, for v > n — N,

Pv)y= > (-1’ > > Povrrn, (). (38)

0<p<n Klyeeykip21 n—=N<n<n

If (n—v)+k +--+K,>Nandn € [n—N,n), then P,_,,, .« (1) = 0. Hence,
the number of non-vanishing summands occurring in (38) is bounded in terms of N
alone; more precisely, we have p < N and x; < N for all <. In order to get rid of the
transitivity condition, rewrite (38) as

N

P(”) - Z (_1>p Z {an—u,nl,...,np(n) - an—u,m,‘..,np(n)

0<p<N 1<k1,..hp<N Ly=1

() + () () ]

n2/3 nl/2 .

By Lemma 5, it suffices to prove that

1= Paya(n), (39)
n=1

and that
1> Pyy...a(n) (40)

in the range r > 1, n < N, d; > 1(1 <i <), > ,di <N, and with gyoo = 0 and
¢ijr € Q in each case. In order to prove (39), we first choose the sets A;,..., A, C [n],
then prescribe the action of o and 7 on each of these sets, and finally weight the resulting
expression by the probability that a random element (o,7) € 2 acts as prescribed.
Proceeding in this way, we find that

dl, e ,dr,n — Ez d; — 1 ; CLZ'bZ' (dl — 2@1)'(611 — 3bl)'2a13b1

a;<d;/2
b;<d;/3

o fixes ) ,(d; — 2a;) prescribed points and contains ) . a; prescribed 2—cycles,
X
7 fixes ) .(d; — 3b;) prescribed points and contains ) . b; prescribed 3-cycles

(41)
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Since the events for ¢ and 7 are now independent, we can consider them separately.
Putting d := ). d;, a:==) . a;, and b := ) . b;, we have

o fixes 1,...,d — 2a and contains the
(QCycles (d—2a+1,d—2a+2),...,(d— 1,d)>

(n—d)!
(m1 — a)l(n — 2my — (d — 2a))12M ¢ (m1)a (N — 2my)g—242%
n! (n)a
myl(n —2my)l2m

(a)d—2a (%)aza ad—?a
(n)a nd—a
Similarly,
m fixes 1,...,d — 3b and contains the 3—cycles (8)a—3v (#)b?)b
((d—3b—|— 1,d—3b4+2,d—3b+3),...,(d—2,d— 1,d)) N (n)q
Bd—?)b
nd—b "

Combining these estimates with (41), and using Lemma 5 we find that

Zn: Py . a.(n) < Z Z d—2a gi=sb - (d—a=b)
n=1

0<a<d/2 0<b<d/3
In order to see that the latter sum is dominated by 1, it suffices to check the inequalities
4(d —2a) < 6(d—a—"0b) and 3(2d — 2a — 3b) < 6(d — a — b) coming from condition (a);
these however are immediate consequences of the summation conditions. Also, we have
6(d —a—"b) > d, thus every monomial occurring in the power series associated with the
latter dominance contains a positive power of n=%/6, whence gooo = 0. Moreover, at each
step where dominance was used to simplify expressions, the power series introduced had
rational coefficients, and this property is inherited under forming products and rational
linear combinations. In order to deal with Py, 4. (1) for n < N, we choose a domain
of transitivity of 1 in (;‘j) possible ways, and then choose a transitive action on this
set, which can be done in a number of ways bounded in terms of N alone. In this way,
Py, ....a.(n) is transformed into a sum analogous to (41), which can be dealt with in a
fashion similar to the argument above, proving (40). O

A similar but considerably simpler argument allows us to prove the following.
Proposition 11. Let € > 0 be given.

(i) In S, choose an involution o with « fized points, and an element w of order 3
having B fized points at random. If a8 > n'*e, then, with probability tending
to 1 as n — oo, {o,7) fizes a point of [n]. Moreover, if o > ns*e and g < %,
then almost certainly (o, m) has a domain of transitivity consisting of exactly
3 points. Finally, iof B > n2te and a < %, then (o, m) almost certainly has a
domain of transitivity consisting of precisely 2 points.
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(ii) Let 7, = (o, Bi;vi) be a sequence of isomorphism types in the modular group T
such that n; := 3a; + 40; + 6(; — 1) tends to infinity with i. Then, if for every
2 1
t at least one of the inequalities a; > nf’+5, Bi > nf+£, or a;B; > ni T holds, we
have

&gr):o(

— (1 — 00).
W@ngmwmg@ﬂfzﬂam>

Proposition 11 shows in particular that the hypotheses of Theorem 3 are sharp, and
that the definition of the domain €). is natural.

8.3. Proof of Lemma 5. For a power series Q(z,y,2) € R[[z,y, 27'/%]] and an integer
N > 1 write

Q(N)(x7yvz) = Z qu; xiyjz_k/ﬁa

0<i,j, k<N

and put

L TN Y NN TYNN g

Ry = (%) +(m) +(?) +z .

(i) Let Q(x, y, 2) = > k0 dik 2y 2~ */6 be the formal inverse of the series @ occurring
in the definition of the relation F' > G. Rewriting Q as a von Neumann series, we find
that for e >0, N > 1, and (z,y, 2) € Q.

QM@ y2) =any Y (-1 (QW(wy2) — 1) + ORy).  (42)
0<v<3N-3

Indeed, if 4i < k, 3(i + j) < k, and max(i,j, k) > N, then (z,y,z) € (. satis-
fies 2’y 2%/ = O(Ry), and the two sides of (42) differ by a linear combination of
finitely many such monomials. If ¢ # 0, then, by (42), there exist v and vec-
tors (i1, 1, k1), -, (ivs Ju, kv) € N§ summing to (i,7, k), such that ¢k, # 0 for
u=1,...,v. Hence, the series Q inherits property (a) in the definition of dominance
from (). Moreover, multiplying the equation

F(ZE,y,Z) - G(Z‘,y72> Q(N)(x7y7 Z) = F(I,y,Z) - G(l’,y,Z)

X [q&fo Z (—1)”(Q(N)(:U,y,z) — 1>V + O(RN)}

0<v<3N-3
by
Q(N)(%ywz) = qooo + O(Ry),
which is at least ggoo/2 for z sufficiently large, we obtain

(F@.y.2) = Gla,9.2) QV(w.9.2)) (d0o0 + O(1) ) = ~G(ay,2)

. [1+ 3 q@-jka:iyjz’f/ﬁ] £ O(R) (Fl.2) + Clay.2)).

0<i4,5,k<3N2
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where G, = 0 unless max(i, j, k) > N, 4i < k, and 3(i + j) < k. As above, we see that

Z Gijr 'y 275 = O(Ry).

0<i4,5,k<3N?2

Since qogo # 0, there exists a compact set C' C R3 such that F(x,y,z) = O(G(q:, Y, z))
for (z,y,z) € Q. — C, that is, property (b) in the definition of G > F' holds for all
but finitely many points. By increasing the implied constant, we can take care of those
exceptional points (z,y, z) such that G(z,y, z) # 0. Finally, if G(z,y,z) = 0, then the
claimed estimate holds trivially, since in this case by assumption also F'(z,y, z) = 0.

(ii) For £ = 1,2, let Qe(w,y,2) = 32, ;10 qi(f,)c 2y 27*/6 be the formal power series as-
sociated with the dominance relation F;, > G,. Given ¢ > 0 and a positive integer
N, we have for (z,y,z) € Q. that QéN) = O(1), Ry = O(1), and that QgN)QéN) =

(Q1Q2)™) + O(Ry), where Q,Q5 is the Cauchy product. Hence, under these assump-
tions,

C1Ga = FFRR Q1Y) + O(Ry) | | @87 + O(B)| = AR | (@1Q2)™ + O(R)|.

that is, condition (b) holds. Since, by an argument already given in the proof of (i),
condition (a) is inherited, our claim follows.

(iii) This is shown by a similar argument, using the fact that QgN)+Q§N) = (Q1+Q2)M).

(iv) Reflexivity and symmetry of & are clear, transitivity of > follows by an argument
analogous to the one given in (ii), while transitivity of ~ is implied by that of >.

8.4. Further asymptotic results. The results of Sections 6, when specialized to the
modular group, immediately give the following.

Corollary 10. As n tends to infinity, we have rf(T') ~ e=2r,(T).

Corollary 11. Almost all subgroups of I' are mazimal.

8.5. The distribution of isomorphism types. Define random variables &1, &a,,
fg«z)a 5533 as in section 7.

Corollary 12. As n — oo, the variables &1, and &, are asymptotically independent.
Similarly, for each fized prime q, the variables 5%33 and féi) are asymptotically inde-
pendent. Furthermore, the distributions of these variables converge weakly to normal
distributions with parameters as given by the following table:

2 3
Mean n1/2 n1/3 q—1/2n1/2 21/2n1/2 q_2/3n1/3 31/3n1/3

V2 | pl/3 | g=1/2p1/2 | 91/2p1/2 | ¢=2/3p1/3 | 31/3p1/3

Variance | n

In each case, the error introduced by approximating the distribution function of one of
these variables by the corresponding normal distribution is bounded above by O(n='/19).
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