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Generalized partition functions and subgroup
growth of free products of nilpotent groups
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Summary: We estimate the growth of homomorphism numbers of a torsion-free nilpotent group
G using a variant of the circle method together with the analytic continuatigg &) established

in [4]. As an application, we obtain information on the subgroup growth of free products of nilpotent
groups.

1 Introduction

Let G be afinitely generated torsion-free nilpotent group, and|éG) := |Hom(G, S,)|
/nl. In Section 2 we derive the infinite product generating function

H@) = X:hn(G)zn = l_[ (1- Zn)—n(n) ’
n=0 n=1

where the exponentgn) can be expressed in terms of the numts(&) of indexn
subgroups irG. This representation fdf(z) allows us to employ a variant of the circle
method, originally developed in connection with partition generating functions, in order
to obtain information on the asymptoticstof(G), which is done in Section 3; the reader

is referred to [1, Chapter 6] for a leisurely exposition of these techniques, as well as
relevant references. Our analysis requires information on the Dirichlet series

D =) nmn>
n=1

which we derive from the proof of the main result in [4]; cf. Proposition 3.1. In this way
we find in particular that

1
logh — (afl)/a| d/a .
oghn(G) (C + O <—Iogn>> n 0g/%n;

cf. Theorem 3.3 for a more precise statement. Moreover, we show th& ffee abelian,
the error term in the last equation can be replaced by an asymptotic series in negative
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powers ofn; see Proposition 3.4. The final section employs these estimatbg(@)

to derive information concerning the subgroup growth of free producistorsion-free
nilpotent groups. Here, the transition frdm(I") to s,(I") is made possible by a result in

[8] to the effect that almost all permutation representations of a free product are in fact
transitive.

2 Infinite product generating functions associated with
nilpotent groups

The infinite product representation provided by our first result will allow us to utilize
analytic methods from the theory of partitions.

Lemma 2.1 Let G bea finitely generated group. Then we have, as an equation between
formal power series, therelation

H2 =) h(G)2"=]]a-zH"", (2.1)
n=0 n=1
where
1 n
nm == dZnu (3)2©. (2.2)

In particular, n(n) is multiplicative if and only if s,(G) is multiplicative, and n(n) is
positive for all n, provided that G is torsion-free, nilpotent, and not cyclic.

Proof: Existence and uniqueness of the product representation (2.1) is clear; hence it
suffices to show that the number&) given by equation (2.2) satisfy this relation. We
have

H(z) = exp( > %G)z”» . (2.3)
m=1

Using the Mbbius inversion formula and the Taylor series of(lbg z), we obtain
o
dn(d) _n
exp( N <T> Z )
m=1 djm
o 0 va
= exp(Z Z’?<”>7>
n=1v=1
o
exp(— > () log(1 — z”))
n=1

oo
=[Ja-2H"".
n=1

1¢f. [10], or [3, Proposition 1].

H®)

“Jap|oy JybuAdoa ayy Aq uoissiwiad uapLm yym pamojje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoK 1o} ajoie siyy aynquisip pue Adoa Aew no, me| JybAdoo uewas Aq pajoajoid si ajane siyj



Generalized partition functions and subgroup growth 283

Sincen(n) is the product of the multiplicative functio# and the Dirichlet convolution
of the multiplicative functior with s,(G), n(n) is multiplicative if and only ifs;(G)
is multiplicative. If G is nilpotent,s,(G) and hence;(n) is multiplicative, andn(n)
is positive if and only if this sequence is positive on prime powers. We hep =
(§x(G) — %k—l(G)) p*", hencep(n) is positive if and only ifspk(G) is strictly increasing
in k for all primesp. Our last claim follows now from the next lemma. |

Lemma 2.2 Let G be a finitely generated torsion-free nilpotent group, and let p be
a prime. Supposethat G is not cyclic. Then we have

Spk+1 (G)

() > B(P),

where 8(p) isindependent of G, and satisfies 8(p) > % aswell asg(p) = p+ O(1).

Proof: We prove our claim by induction on the Hirsch lengtiof G. Set

S
Alp. 1y := h(lc?)f:h $x(G)
k>0

The casé = 1 is excluded, and fdn = 2 the only possible group &2, hence,

. G(pk+1)
AP 2 = o =

For groups of Hirsch length 3, thefunctions are computed in [5, Proposition 8.1], and
one finds after some computation thgat(s) = ¢(s — 1)D(s), whereD(s) = % is
a Dirichlet-series with positive coefficients. Hence,

k+1 k

$1(G) = ) Pagewa = P Plagen +ayis = psx(G),
k=0 ,u:O

hencegs(p, 3) > p.
For groups of Hirsch lengtk 4, we use the concept of good bases as introduced
in [5]; cf. also [7, Chapter 15.1]. Choose a Mal'cev basis..., xy of G such that
Xn € Z(G), and define the subgroup$ = (X;, ..., Xn). For a subgroupJ, choose
a good basisy, . .., an, and define

S(G) = HU <G:(G:U)=p ((an): (a.....an-1) N (an)) = P”}

To show that , (G) is well defined, we have to prove that the index

((an) : (@1, ..., an-1) N (an))
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does notdepend on the good basis chosed faWe havgan) = U N (xy). Letay, ..., a,

be another good basis for, and seN = (xn). Thena/N € (aq, .. ., an—1) N; hence, there
exist p-adic integersy, . .., Yh—1, such that
(@), abxi?, ..., &) < (aq, @, . .., @n_1).

Sincex is central, ands is torsion-free, we have

Iy Y1 ol y Y2 / Yh-1 —|a o /
(ath ) ath g eeey ah_th > n (Xh) = (al, az, ceey ah_l> N <Xh>,

and therefore
(@) : (@, ..., ah_1)N(ah) < (@n) : (@, ..., an—1) N (@) .

By symmetry, we see that the two indices are equal; heug€G) is indeed well defined.
Let U be a subgroup counted I8y, (G) with v > 1. Consider the set of all tuples
b1, ..., bn, such thab; € H; \ Hi;+1 with by = aﬁ, andby, ..., bn_1, a, is a good basis
of U. Thenby, ..., by is a good basis of a subgrolp of index p“+1, the measure of
all good bases producing the same subgroup is the measure of all good bases producing
U times p!~", and differeny yield different subgroups’, sincep-th roots in(xp) are
unique. Moreover, a subgrolfy produced in this way is counted sy, 1 ,—1(G), since

({bn) = (b1, ..., bn_1) N (bn) = ((af) : (as.....an—1) N{af)) = p ™~
From this we deduce the estimate
410-1(G) = 5, (G)p" L v=1k=0. (2.4)
Next, letU be a subgroup counted Byo(G). These subgroups are in 1-1 correspondence
with subgroups of5/(xn) of index p*~  whereay = ((xp) : U N (xn)). Fix ay, and
consider all subgroups dB/(xn) of index pkt1-a . By our inductive hypothesis, the
number of these subgroups is larger by a fagtg, h — 1) than the number of subgroups

of index p*~, and, changing, if necessary, the powexgccurring, we find that all
these subgroups correspond to subgroups of in&k in G. Hence,

§1(G) = 5 0(G)B(p.h—1), k=0 (2.5)
Summing (2.4) over > 1, and adding (2.5), we obtain
§4(G) = (A(p.h = D7+ p1") §501(G),
and therefore
B = (Bp.h -1+ p“‘)_l-

DefineB*(p, h) by 8*(p, 3) = pand

-1
By = (B (h-D1+p") ", h=4
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Generalized partition functions and subgroup growth 285

Theng(p, h) > Bg*(p, h), and, forp — oo, we have

gp = p[] (1+ pz‘“)fl — p+ 0.
h=4

Finally, we haveg*(p, h) > 8*(2, h), and by induction ot we obtain
. . 2hfl 4
ﬁ(p,h)iﬁ(lh)=m\§o o
3 Estimates for homomorphism numbers of nilpotent
groups
Our next result is a slightly improved version of the main result in [4]. We writg fog
thek-fold iterated logarithm, that is, lqx = logx, and log_ ; X = loglog, x.

Proposition 3.1 Let G be afinitely generated nilpotent group, and let « be the abscissa
of convergence of {g(S) = Y s(G)n~S. Then there exists some § > 0, such that ¢g(s)
can be continued meromorphically to Res > « — §, and such that « is the only polein
the domain

1)

S+it:sS>a— .
log?3(3 + It]) logy (3 + It]) }

In particular, there exist polynomials P; and P,, such that

" (G) = Pullogx + O (xeeclog”*nlog; n)

n<x

and

—c logn
Y s(G)e ™ = Pi(logx)x® + O (x"‘e mg?‘”’mag%“n) .

n>1

Proof: It is shown in the proof of [4, Theorem 4.16], that there exist Hecke charac-
tersxi, ..., xr, ¥1, ..., ¥s, constantsa, ..., ar,b1,...,b,C1,...,C5,d1,...,dsand
a Dirichlet seriesD(s), such thatD(s) converges absolutely for Be> « — §, and such
that

L(azs+ b1, x1)---L(@s+br, xr)

= D y
tc(9 L(ciS+dg, ¥1)---L(crs+dr, ) ©

For HeckelL -series, Hinz [6] proved a zero-free region of Vinogradoff—Korobov-&/pe,
that is, for a Hecke-charactgrthere exists a constaat> 0, such that (o +it, x) # 0

2 Confer [2] for a more general result.
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foro > 1— 73 . Note that, since we consider a fixed set of characters,

[
log?3(|t|+3) logy * (It|+3)
potential Siegel zeros can only alter the value.doflence ;g (s) is holomorphic in this
region with the exception of a pole@atMoreover, from the functional equation for Hecke
L-series we find thatl (o + it, x)| <« 1+ [t|° uniformly in Res > 0. Define the path

1)

y=Ja— , —O0 < t<ooyg.
: log?33 + [t]) logy >3+ It]) }

Then we deduce that férsufficiently small g (s) is holomorphic to the right of with

the exception of a pole at, and that ory we have the estimatég (s)| < 1+ |t|°. From

Perron’s formuld we find that

at pex HT
xS x%log x
Ye@ = [ cG(s)—ds+0< < )
S T
n<x i .
a—i—@—lT
= res (:s)XS + f (:s)XS ds+ O x“logx
= reséc S ls {G S T
yN{|Ims|<T}
ST X% log x
= Pi(logx)x* + O [ T°x%e 097" Tlog; "7 +(9< = )

and choosing = exp(clog®® x Ioggl/3 X) we obtain our claim. The proof of the second
estimate is similar, now using the Mellin-transform
1+ioco
e’ = E 775T'(s) ds
27i
1-ioco
instead of Perron’s formula. |
The following simple Tauberian theorem allows us to compare the coefficients of
power series diverging at similar speed.

Lemma3.2 Let f =) a,z", g= Y byz", andh = >_ ¢,z" be non-vanishing analytic
functions in the unit circle, and suppose that the sequences (a,), (bn) are positive and
non-decreasing, and that h is non-decreasing in (0, 1). Supposethat, for z ~ 1 we have

log f(z2) = logg(2) + O(logh(2)).
Then we have
logan = logbn + O(logn + logdy),
where

dy = minl z "h(2).

O<z<

3Cf., for instance, [9, Lemma 3.12].
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Proof: Defineh*(z) = % = Y c:z". Thenh*(2) < h(z)€ for some constant and
z € (0, 1), and we obtain

i —n C C
c: < min z7"h(z~ < d;.

O<z<1

Hence,a, is the Cauchy convolution df, with a sequence bounded abovedﬁy and
we obtain

n
an = Z bvcﬁ_v < nbndr?,
v=0

and therefore
logay < logbn + O(logn + logdp).
By symmetry, our claim follows. ]

Theorem 3.3 Let G beafinitely generated torsi on-free nilpotent group. Then there exists
a rational number « and a polynomial P, such that

—c /Iognl/
logtha(G) = (14 0 (e P& )} pogy) yi-«

where y isthe unique solution in theinterval 0 < y < 1 of the equation
27n =y~ ((@ — 1)P(logy) — P'(logy)) . (3.1)
In particular, we have
1
_ N9 (a—1)/a d/a
loghn(G) = <C+O<Iogn))n log”“n
for some positive constant C.

Proof: From Lemma 2.1 we find thdit,(G) equals the coefficient af" in the product
(2.1). We have

o0 o ny
H@ = exp(Zan)%),

n=1v=1

where the series converges far < 1, and all coefficients are real and positive. Setting
f(r) = H(e "), we have
0 Sl
WL
n=1v=1

1+a+ioco
= T75T(9) {a(s+ 1) ds,
ardl

14+a—ico

log f(7)
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where we have used the Mellin-transform

1 1+ioco
e*fzﬂ / 75T (9) ds,

JT|

1—ioo

the interchanging of sum and integral being justified by absolute convergenge bleet
the path

)
y=3a—1— 173 ,—oo <t<ooyg,
log?3(t| + 3) log; “(It| + 3)

wheres is chosen small enough to ensure thats) has no singularities to the right pf
with the exception of — 1. Shifting the line of integration tg we find that forjzr| — 0

—S l —S
log f(r) = rest F(S){G(S—i—l)‘sza_l-i-ﬁ TST(9) ¢a(s+ 1) ds

Y

_ cllogz|
P('Og 7) 7:1701 +0 (Tlae Iogz/3|logr|log%/3|logr) )
whereP is a polynomial with positive leading coefficient. Reintroducmgve obtain

logH(z) = P(log(1 — 2))(1 — 2+ 0 ((1 —z)l*e” Océlog&;_zy)) )

Sincen(l) = 1, the sequenck,(G) is non-decreasing, and we can apply Lemma 3.2.

We have

_ cllog(1-2)|
4 1/3
min z~" exp (1— Z)lfae Iogz/3\log(1—z)|logz/ [log(1-2)|
O<z<1

p cllogl-zp)|
1/3
=z;"exp ((1 —zg)l e log?/3  log(1-79)1logy |Iog(1—zo>|> ,

wherezg is the minimum of the functioa™" exp((l — 2)1*0‘), which we approximate
1/
by 1— ("‘T*l) “. We deduce

—c logn
loghn(G) = log ([z”] exp(P(Iog(l —-2)(1- 2)1*”‘>) + 0 (n“ale 065 logy] ”) .

Let D be a Dirichlet series, holomorphic in the complex plane with a single pale at
such thatD and¢g have the same principal partdn For instance, we may choogeto
be a polynomial ir(s — « + 1). Then, we can repeat our argument withreplaced by
D, hence, it suffices to prove our assertion under the assumptiogithats holomorphic
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continuation to the entire plane. Arguing as above, but shifting the line of integration to
—1+ € +it, we obtain

log f(z) = P(log o)t} + O (rl—f) .

Setr = y + ix. We show thatf(r) is small compared td(y), unlessx is very small.
Suppose first that > y*/3. From Lemma 2.2 and the definition gfn) we find that
n(n) > 1 for almost alln, and therefore

© @ nvy+invx 00 0 gy .
REY Y am———— <Re)_ 3 nm—— » e™(l-Red™
n=1v=1 n=1v=1 n:n(n)>1
2

< log f(y) — «x
— y3 9

that is,| f(7)| < f(y)e—cy_l/g. For smaller values af, we use the Taylor series for lag
to obtain

log f(r) = log f(y) +ixy * ((1 — @) P(logy) + P'(logy))
+x2y 71 (a(1 - a)P(logy) + (2« — 1)P'(logy) — P"(logy)) + O (x3y*°‘*2> .

(3.2)
We have
1/2
hn(G) = / F(y + 27ix) @V H2Tinx gy (3.3)
~1/2

and we choosg such that the fact@® "™ and the linear term in (3.2) cancel, that is, we

fix yasin (3.1). From what we have shown so far we know that we may restrict the range
of integration in (3.3) to the interval-y%/3, y?/3), and in this range we can apply (3.2)

to obtain

y2/3

(@ = (1+0 (%)) o [ exp(xyQuogy) o

—y2/3

where

Qlogy) = (¢(1 — a)P(logy) + (2« — 1)P'(logy) — P"(logy))
is negative fory sufficiently small. We deduce that

loghn(G) = log f(y) + O(logn),

which is far better than needed. Finallygifs the degree oP, we havey =< (ﬁ,—n)_lm
and therefore

log f(y) ~ cy1*°‘ |ogd y = n(afl)/a,
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that is,

oan —c logn
|Og f(y) +0 (n(a_l)/aeclolgl%gn) _ <1+ ) (e Iog§/3n|ogg/3n>) f(y),

which proves our claim. m]
For free abelian groups we can do better.

Proposition 3.4 For k > 2, there exists an asymptotic expansion

o
loghn (Zk) ~ () (1 + Zﬂvykv) ’
v=1
where
@(k) = \/Eerlyk+r2yk+l+ny ykLzz
A 4
y isthe unique positive solution of the equation
kr1y—k—1 + (k— 1)r2y—k —n, -
and

r=®&+D'¢2---¢(k—1), (3.5
1
r2 = —Z K@) k= 2,

k+1 k
ol o)

Proof: We havé

{zx(9) =89 8(s—=1)---s(s—k+ 1),

and since;(s) = 0 for all negative even integers, we see thai(s) has simple poles at
s =k ands = k — 1 with residuunry = ¢(2)---¢(k) and

1
r2 =204 Q) -¢k=1) = =382 ¢E): k=1,

respectively, and thatx (s) = 0 for all integersy < max(0, k—4). Hencefzx (9T (s+1)

is holomorphic in the entire plane with the exception of the two poles aforementioned.

Fix an integer > 1. From the functional equation pfwe deduce that for Re= —% — ¢,
we have for arg < 7 the bound

IN(s+ Dizk(9)] < ST (=s/2K < A+ [th<e ik,

4 Cf. [5, Proposition 1.1] or [7, Chapter 15].
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and we can estimate the integral

7%7€+ioo 00
/ (s + Dize(s+ 1) ds < [7] 24 / (1+ [t e dt « o2/,
—%—(—ioo

Hence, we deduce that

fy =rit K+ 40 (Irll/z“) :

wherery andr; are given in (3.5). Ik > y*/3, we havel f(1)| < f(y)e™Y " as in the
proof of Theorem 3.3. After these preparations the proof of Proposition 3.4 mimics the
proof of Meinardus’ Theorem as given in [1, Chapter 6]. We have

1/2
hn (24 = / F(y + 27 X)€Y 2N gy
“12

and use our estimates fd¢r) first to bound the integral over the range > y*2, and

then to transform the integrand. Definigagas in (3.4) and substituting = xy*klzz, we
finally obtain

k. 1
y 273

hn (Zk> - (1+ o (|r|1/2+‘)) f(y)eVy ¥ / exp(—Aa)2 — CD(a))) do

|
NIx
rd
Wi

where

q)(w):rlvi:;’(_v) (,wyk/z) +r2y2( k+1) ( yk/2>v 2

and

Set

o0
e =3 a2
v=0
Then we haver; = a2 = 0, and

oy <y ([8]+omoda)
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and truncating this series aftee= N, we introduce an error of siadN~Dk/6_Hence, we
obtain

y7%+% N y7%+%
2
/ exp(—Aa)2 — CID(a))) do = Zav / e 0w do+ 0 (y(N_l)k/G) .
=0
7y7%+% ' 7y75+%

By symmetry, the integral vanishes for ogléand we deduce the existence of an asymptotic
expansion

k.1
y 2°3 o)
2 ~ | ki
/ exp(—Aw? — 0(@)) do~ \/; (1+ > B ”) .
k. 1 v=1
7y_?+§
Sincet can be chosen arbitrarily large, our claim follows. |

For example, fok = 3, settingx = y~! we have to solve
960(2¢(3x* - 3¢(2x° =,

which can be expanded into an asymptotic serigsiH* as

1 (1/¢@%¥ V4 1 3 [¢(3)%4ntANt
(3 E( 772 ) 128 16384( w12 )

+

1 £(3)3/4nt/4 —2 15 £(3)3/4nt/4 -3
262144( 71/2 ) 26843545 ml/2 )

77 £(3)3/4nt/4 =5 3 £(3)%¥/4nY/4\
2199023255552  71/? ) 2199023255558  n1/2 )

—7
1989 £(3)3/4nl/4 o/
- 7205759403792793é 7172 +0(m9/%).

6

Next, we compute, for even values. We havex, = 0, and
5
s = S (960(3) — Dy
ap = _%n2y3 (896;(3)y3 — 7y° + 25600:%(£(3))? — 6407%¢(3) + 4712) ,

anda, « y6 for v > 8. From this we obtain

k.1
y2 3

—Aw? — . 3 a2, 15 53 6
/ exp( Aw CID(a))) dw = A<1+4ot4A + 8056A +O<y),
k. 1
273

“Jap|oy JybuAdoa ayy Aq uoissiwiad uapLm yym pamojje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoK 1o} ajoie siyy aynquisip pue Adoa Aew no, me| JybAdoo uewas Aq pajoajoid si ajane siyj



Generalized partition functions and subgroup growth 293

that is,
8192Q:(3)2 — 224 (3) + 14
LT T 2643 — 1)8
Putting our estimate foy and 81 into Proposition 3.4, we obtain

N,
3\ _
hn (2°) = 127974¢(3)5/8n5/8 (647 (3) — 1)

4 3/4 m/Mn 732y
y exp<4ﬁ @ - T — /4)
x (1 Fyn Y44 Y2 4 pan=34 L 0 (n‘l))
with
V2 (77? + 131072Q(3)?)
Y1 = T5684354563/4(3)27/8
(35127296r%¢(3)% + 497* + 30923764531203)%)
v2 = 180143985094819843/4)¢(3)49/8
V2P (4(3)1/4’ n1/2)
Y3 = 163204985647974938585333(8)3%/ 7 21/8¢(3)5/8(64(3) — 1)°
where

P(x, y) = 6189700196426901374495621%38 — 169249614746048084458864640
+ 22313181631559073634713638y’ -+ 1057810092162800527867904
— 1045930388979331576627206y’ + 38473350896700673228% y*!
+ 16342662327802055884808°y’ — 180343832328284405%8*y11
— 85118032957302374488"y’ + 1285810129207296°y1°
+ 281787238012944384°y'! — 602723498065926y1°
— 14676418646507568y1 1 80923852812y19 |+ 9417554657282y 1®
— 49049763848 y1° — 379330568 y19 + 592704 y1° — 30871°.

It can be seen from the computations leading to this example, that the main source of
error is the approximation of the solutions of (3.4), whereas the contribution of the series
> B,YX is comparably small and simple.

4 Subgroup growth of free products of nilpotent groups

Theorem 4.1 Let Gy, . . ., G, befinitely generated torsion-free nilpotent groups, and set
' = G1 * --- x G;. Then there exist polynomials P, with positive leading coefficients,
such that

—c logn r
logs(I') = (r — Lnlogn + (1 +0 (e wg%”nlogé““)) > Py(logy,)ys ™,
v=1
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where y, isthe unique solution of the equation
n=y,* ((ay — HP,(logy,) — P (logy,)).

and «, is the abscissa of convergence of ¢g, (s). The polynomials P, can be computed
from the principal part of the Laurent-expansion of ¢g,(S) in S = «,,, and the degree of
P, equalsthe order of the poleof ¢g, (S) in s = «, diminished by 1. Moreover, if each of
the groups G, is free abelian, there exists an asymptotic expansion

r o0
s (M) =n-n'1 ]_[ O(ky) (1 + Z aun“/m> ,

y=1 v=1

wherek, istherank of G,,, ®(k,) isgivenin Proposition 3.4, and mis the least common
multipleof kg, . .., k.

Proof: From Theorem 3.3 and the universal property of free products we findhhar')
satisfies the estimate stated f&(T"). Since by [8, Proposition 4] the asymptot&gI)

~ nhp (") holds true for all finitely generated groups having a non-trivial free factor, our
first claim follows. Similarly, for the case of free abelian factors it suffices to show that
there exists an asymptotic expansion

Sy () = nhp(D) (1 + Z aun“/m) )

v=1
Comparing coefficients in (2.3), we obtain the transformation formula

n—-1
(D) = nhn(D) = Y s,(Nhn_y (D),
v=1
and, together with the asymptotic expansionshig(G,) in Proposition 3.4, our claim
follows. O

As an example, we considEr= Z? x Z3. From the Hardy—Ramanujan—Rademacher
theorem (cf., for instance, [1, Theorem 5.1]) we deduce

1 - 1 V3 1
hin (ZZ) = p(n)=4—\/§ne”*/27/3 (1_48ﬁ_ nﬁ\/ﬁ+0<ﬁ>)’

and the first terms of the asymptotic expansioh@fZ2) have been computed in the last
section. We obtain

s (2242%) = oy (2252%) [1+ 0 (n7?) ]

_ V2
~48V/379/4¢(3)5/8n1¥8(64¢(3) — 1)
. s T(16J/20(3) — V/3)nt/2 B 73/2nl/4
{ F (4‘/; {@n 16/303) 2048 (3)5/

x {l +yin Y4 o2 4 yenT4 4 0 (nfl)}
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where

V2 (77? + 131072Q(3)?)

Y= T684354563/4¢(3)27/8
V2P, (¢(3)Y2, x)
Y2 = 54043195528445952/4¢(3)%9/8’
V2P3 (¢(3)Y/471/2)
Vs =

16320498564797493858533376/8¢(3)71/8(64¢(3) — 1)3’

with polynomialsP,, P; given by
Pa(x, y) = — 14073748835533&! — 33776997205278 %23/ 2x!!
+ 10538188§*x* + 147y° + 927712935936¢%°,

P3(X, y) =6189700196426901374495621 %38 — 169249614746048084458864640
+ 22313181631559073634713688y’ + 1057810092162800527867904
— 1045930388979331576627200y’ + 38473350896700673228% y*!
+ 16342662327802055884801y’ — 180343832328284405%5*y11
— 85118032957302374488y” — 435213295061266502894223366y°
— 10445119081470396069461360646x>1y3 + 1285810129207296°y1°
+ 281787238012944384°y11 1 20400623205996867323166 738y
+ 489614956943924815756001286x %y — 232428975328740350364F y°
— 55782954078897684086784x1 "y’ — 31875973759370105192448d y°
— 7650233702248825246187526x1'y® — 602723498065925y1°
— 1467641864650752%y11 + 10895108218534703928%y°
+ 261482597244832894156%x* %y’ + 166020696663385964544tPy°
+ 39844967199212631490568®x°y> — 1702360659146047488%y°
— 4085665581950513974/5Bx 3y’ + 80923852812y 1 9417554657282 y1°
+ 88664617663856641y° + 2127950823932559366x 11y’
— 379330568 y1° — 49049763848 y1°+ 592704*y1%— 30871°.
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