PARITY PATTERNS IN ONE-RELATOR GROUPS

TaoMAs W. MULLER and JAN-CHRISTOPH PUCHTA

ABSTRACT. We investigate the behaviour modulo 2 of the number s, (T") of index n
subgroups in one-relator groups I'. Among other things we show that, for a substantial
class of one-relator groups I' (including in particular all surface groups), s, () is
intimately connected with representation numbers of binary quadratic forms, and
that s, (I") is odd if and only if n is a square or twice a square. The proofs make use
of parity properties of character values and multiplicities for symmetric groups, which
appear to be of independent interest.

1. INTRODUCTION AND MAIN RESULTS

For a finitely generated group I" denote by s, (I") the number of subgroups of index n in
['. The present paper is concerned with the behaviour modulo 2 of the function s, (T")
in the case when I' is a one-relator group. Among other things we show that, for a
substantial class of one-relator groups I' containing in particular all surface groups, the
parity pattern of s, (I") is intimately connected with representation numbers of binary
quadratic forms, and can be determined in closed form.

The natural framework for our research is the theory of subgroup growth of finitely
generated groups. The notion of subgroup growth, which has evolved over the last two
decades in the work of Grunewald, Lubotzky, Mann, Segal, and others including the
first named of the present authors, brings together under a common conceptual roof
investigations concerning arithmetic properties of the sequence {s,(I')},>1 or related
subgroup counting functions and their connection with the algebraic structure of the
underlying group I'. The original motivation for these studies comes from three sources:
the notion of word growth and, more specifically, Gromov’s characterization in [7] of
finitely generated groups with polynomial word growth, the theory of rings of algebraic
integers and their zeta functions, and the work of M. Hall and T. Rad¢ in the late 1940’s
on Schreier systems and their associated subgroups in free groups; cf. [8], [9], and [10].
Some of the major developments up to 1992 are described in Lubotzky’s Galway notes
[17], [18], and the literature cited therein. More recent contributions include [4], [20],
[19], [21], [22], [23], [28], [29], and [5].
1

We will work over the alphabet A = {x,25,..., 27", 25",...}. Define two classes of
words Wi, W, over A as follows.

(1)1 22, [x;, 2] € Wy for all 4,5 € N and @ # j.

(i) ¥ e W, for all i, k € N.

(ii); If wy,we € W; have no generator in common, then wyw, € W.
1



(iii); If v € W, and z; is a generator not occurring in v, then [v, ;] € W.

(iv); W; is the smallest set of words over A satisfying (i);, (ii);, and (iii),.

Clearly, all surface group relators

g

h
H[xzi—bx%] and H 1’?7 g,h>1
i=1

i=1
are contained in W, as is, for instance, the word w = [2222, 23], and W, C Wh.
For a word w = w(zy,...,x4) over A involving the generators xy,..., x4, define the
one-relator group I'y, associated with w via

Ly = <!E1,$2,...,xd | w(zy, ..., xq) = 1>.
Our first main result describes the behaviour modulo 2 of s,(T",,) for words w € Wj.

Theorem 1. If w is in W, and involves at least three generators, then s,(T'y) is odd
if and only if n = k? or n = 2k? for some k > 1; in particular, all groups Iy, with
w € Wy involving three or more generators share the same parity pattern, and s,(T,)
18 multiplicative modulo 2.

It appears likely that Theorem 1 is best possible in the sense that if for some w € W,
the function s,(I',,) displays the parity pattern described in Theorem 1, then in fact
w € W;. Concerning the larger class W, we are able to show the following.

Theorem 2. Let w be a word in Wy involving three or more generators. Then
(a) the sequence s,(I'y,) is ultimately periodic modulo 2 if and only if it is periodic,
(b) the function S, (z) given by
Su(@) :=[{n<z: 5,(Tw) =0 (2)}|, r>1
satisfies

(1)

lim sup —

(z)log,
2300 NG

or Sy(z) is identically zero.

The key to Theorems 1 and 2 lies in a remarkable recurrence relation for the mod 2
behaviour of s, (") with w € W, which we describe next.

Theorem 3. Let w € W, be a word involving three or more generators. Then there is
a sequence {ay,} € {0, 1}, such that oy = 1 and

Sn(rw) = Z (677 5n—k(k+1)/2(rw) + 5(”) mod 27 n=>1, <2>
k>1
k(k+1)<2n

where

1, n= @ with n odd and oy, = 1,

o(n) =
0, otherwise.
Furthermore, if w € Wy, then o =1 for all k > 1.
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Apart from their intrinsic value, Theorems 1-3 also appear to be of some general interest
within the theory of subgroup growth: they add a surprising new feature to our as yet
fragmentary knowledge of modular properties of subgroup counting functions ! and, in
conjunction with the asymptotic estimate for surface groups established in [30], they
form what might become the beginning of a systematic theory for the subgroup growth
of one-relator groups. In the next two sections, Theorems 1 respectively 2 are deduced
from Theorem 3, while the proof of Theorem 3 occupies sections 4 — 6.

2. PROOF OF THEOREM 1

We shall use induction on n, the case n = 1 being trivial. In what follows, it will be
convenient to abbreviate the statement ‘n is a square’ as ‘n = O’; similarly, ‘n = 200’
will be short-hand notation for the statement that ‘n equals twice a square’. Moreover,
for a number ¢ and a condition ¢ we will use the notation {c | ¢}, meaning that this
symbol has the value c if ¢ holds and 0 otherwise. Assuming that

sp(Tw)=12)en=0o0r n=20 n<N

for some N > 2, the recurrence relation (2) together with an obvious transformation
gives that modulo 2

sn(Tw) = H(a:,y) eN: N:x2+y(yT+1)H

+ [{(y) ent N:2x2+@}‘ L 8(N)
E‘{(ZB,ZJ)Z 8N+1:2x2+y2,9§>0,y>1}‘
+ H(:c,y): 8N+1:x2+y2,2\x,x>0,y>1}‘ + (N,
For n € N, define
Ha:y )€ Z*: n:2x2+y2}‘
ny )€ Z*: n:x2+y2,2|x}‘.
Then

sn(Cw) = =|Ri(8N +1) + Ry(8N +1) — {4|8N+1=0} — {4| N =0}

e

~{4|N= zm}] + §(N) mod 2. (3)
The representation numbers of binary quadratic forms have been computed by Le-

gendre, and independently by Gauss; cf. [6, § 205], [15], and [2, Chap. VL.8|. Ap-
plying Legendre’s and Gauss’ result, and writing the prime decomposition of n as

LCf. [24], [25], [26], and [27] for the present state of affairs concerning modular subgroup arithmetic.
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n=1], p»™ we find that for n odd

2 H (ap(n) +1), ay(n)=0(2) for p=5,7(8)
Ri(n) =14 p=130 (4)
0, otherwise,

2 [ (ap(n)+1), ay(n)=0(2) for p=3(4)
Ry(n) = p=11) (5)

0, otherwise.

Such formulae can also be deduced from results concerning the decomposition of rational
primes in quadratic number fields; cf. for instance [11, Satz 89]. Write 8N + 1 = v?v
with v square-free, and suppose first that v = 1. Then (3) takes the form

sy(Tw) = {1|N=0} — {1| N =20} =-[R;(8N + 1) + Ry(8N +1)]

A

+8(N) + 1 mod 2.
Using (4) and (5), the right-hand side becomes modulo 2
1
5{ T Cow+1)+ ] (2ap(u)+1)] +3(N) +1

p=1,3(8) p=1(4)

I
’B@
=
_I_
>
&

Decomposing u in the form

u = 32p=3(3) (W) | 5lp=5(s) (W) | 72 p=r(s) (W) 1115q 8,

we see that » s ap(u) is odd if and only if u = 3,5 mod 8. On the other hand,
O(N) = 1if and only if N is odd, since in this case N is automatically triangular, the
latter condition being equivalent to u = 3,5 mod 8. Hence, for 8N + 1 a square, (3)
takes the form

sv(Tw) ={1|N=0} + {1| N=20} mod 2,

proving our claim in this case. Now let v > 1. Then (3) simplifies to
1
sn(lw)—{1|N=0O}-{1|N=20}= Z[1~21(8N+ 1)+ Ry(8N +1)| mod 2. (6)

Assume that v is not prime. We claim that this implies R;(8N +1) = 0 mod 8. Indeed,
either R;(8N + 1) = 0, because 8N + 1 is divisible by some prime p with R;(p) = 0 and
a,(8N+1) = 1 mod 2, or in the product evaluations for R;(8N+1) given in (4), (5) there
occur at least two even factors, implying R;(8N + 1) = 0 mod 8. Finally, if v is prime,
then v = 1 mod 8, and in the product evaluations for R;(8 N + 1) and Ry(8N + 1)
precisely one term is even, implying R;(8N + 1) = Ry(8N + 1) = 4 mod 8. Hence,
whether v is prime or composite, we always have Ry (8N + 1)+ R2(8 N +1) = 0 mod 8,
and the right-hand side of (6) is even, proving our claim in the case v > 1 as well.



3. PROOF OF THEOREM 2

(i) Let w € W5 be a word involving d > 3 generators, and suppose that s,(I",) is
ultimately periodic modulo 2 with period v, say. Choose an integer ky > 2 such that
$n(Tw) = $nu(Ty) (2) for n > kg, and put ng := w + 1. As d > 3, the recurrence
relation (2) gives

Sno(Tw) = Z Qg Sng—k(k+1)/2(Tw)  mod 2,

k>1
k(k+1)<2ng

but also

Sno(L'w) = 8ng—v(Tw)

Z Ok Sny—k(k+1)/2—v(Tw) + d(ng —v) mod 2.

k>1
k(k+1)<2(no—v)

Since
(ko — D)ko = ko(ko + 1) — 2ko < ko(ko + 1) — 2v < 2(ng — v)
and
ko(ko +1) = 2(ng — 1) > 2(ng — v),
the two sums range over 1 < k < kg respectively 1 < k < kg, and as
(ko — 1)ko

=k 1>k
5 o+ 0

ng —

we have
Snofk(kJrl)/QfV(Fw) = Snofk(k+1)/2(1—‘w) mod 2, 1<k <k.

Hence, the two sums differ precisely in the term
kg Sno—ko(ko+1)/2(Lw) + 0(ng — v) = auy + 0(ng — v),
which forces ay, + d(ng —v) =0(2). If v > 1, then
(ko — 1)ko ko(ko + 1)

B <ng—vrv< T,
hence 6(ng — v) = 0 and oy, = 0 in this case. Since every integer k > ko satisfies
the same hypotheses as kg, our argument gives o = 0 for k > kg, provided v > 1.
Taking into account that «; = 1, this implies periodicity of s,(I'y); cf. for instance
[16, Theorem 8.11]. Now suppose that v = 1. Every multiple of a period being again a
period, by what we have shown so far, s,(I';,) is periodic modulo 2 with periods 2 and
3. But this implies that s,(I",) is constant modulo 2.

(ii) Assume first that a; = 0 for all but finitely many k. Then the sequence s,(I'},) is
periodic modulo 2 by [16, Theorem 8.11], hence either S, (x) = 0, or S,,(z) > z; in
particular our claim holds. Now suppose that o = 1 for infinitely many k. For x > 1
define counting functions

Ax) = |{l€ D k(E+1) <2z, o = 1}|
B(z) = |[{n <x: A(n) =0(2), n not triangular}|.
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If n is an integer counted by B(x), then s,(I"y) is even if and only if the set
{k D k(BE+1) <2n, o =1, Sp_kprny2(lw) =0 (2)}
has even cardinality; in particular, s, (T"y) is even if this set is empty. It follows that

Su(z) > Hn <z: A(n)=0(2), n not triangular}’

B ‘{” <wz: Jk:ap =1, Sy gr1)2(lw) =0 (2)}‘

> B(z) — S(z)A(z),
that is B(x)
x
Sp(r) > ————.
@)= A
If§ < k(kTH) < zand A(k(kTH)) =0(2), then A(n) =0 (2) foralln € [k(k;l), (k+1)2(k+2)—1],
the interval containing at least /2 integral points. Hence, we obtain the estimates
x

Ar) - A -1
B(z) > @ 5 . x> 1,

and
B(x,) > /1, (7)

for a sequence z, tending to infinity. Now we distinguish two cases. If
limsup (A(z) — A(f)) > 2,
T—00 2
then we can find a sequence z, tending to infinity and a constant g, such that
Alw,) = A(F) 22 and A(w,) = A(F) 2 Aly) - A5, 0 <y < .

Hence, we obtain

Ty

2(A(@,) = A(F)) logy, + 30 + 1

v

1 /T,
1ol ) .
(4 +oll) log, z,
If, on the other hand,

x

Aw) A
then A(x) <log,x + w0, and if x, runs through a sequence as in (7), then
B 1% 14 14
Sulw) > D) o VT g gy VT
1+ A(z,) — logyx, + 29+ 1 log, =,
We conclude that in each case

Su(x,) > (}l + 0(1)> Vo

10g2 Ty

) <1, x> xo,




for a suitably chosen sequence z,, — oo, and (1) follows.

4. THE COEFFICIENTS a, (w)

Let w = w(xq,...,24) be a word over A involving the generators z1, ..., x4, and let x
be an irreducible character of S,. Define numbers «, (w) € C by means of the expansion

Ny(m) : = H(xl,...,xd) €S w(wy,...,1q) = 71'}‘
= (n!)?! Z a(w)x(m), meS,.
XEIrr(Sy)

Note that N, (7) is a class function, hence the coefficients «, (w) are well defined. Our
first lemma provides information concerning the a,(w), leading in particular to the
explicit computation of these coefficients for each word w € W, and all y.

Lemma 1. Let wy, wy, v be words over A, and let x be an irreducible character of S,,.
(i) We have a,(2?) = 1, a,(zF) € Ny, and oy ([z;, x;]) = ﬁ foralli,j, k € N.

(ii) If wy and wy have no generator in common, then we have

ay (wr) ay (wy)
x(1)

(iii) If x; does not occur among the generators of v, then

ay (wiwg) =

axqv,xm:% S a3 ).

X (1 X' €lrr(Sy)

Proof. (i) The first two claims restate the facts that the root number functions of S,
are proper characters, and that the square root function is the model character of S,,;
cf. [31] and [14, Chap. 6.2]. The last claim follows from the formula (see [30, Lemma 1])

Ny () =n! % ™ € S

(ii) We shall use the fact that, for any two conjugacy classes Cy, Cy in a finite group G,
the number of solutions of the equation x; - 9 = g with x; € C; equals

[Ch] |Gy xX(C)x(C2)x(g7")

[P — )
xEIrr (@)

cf. for instance [1, Prop. 9.33] or [14, Theorem 6.3.1]. Suppose that w = w;w, involves

precisely d generators. Then, using (8) and orthogonality, as well as the fact that the
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characters of symmetric groups are real, we find that

M) = () 3 S ICHICal Ny (C5) N € ML)
C1,C2 x
— ()43 Oy, (W1) oty (w2) X1 ()
=iy 3 el (9 opcalcn)

X (%; |02|X1(02)X3(02))

= (n)*! Z ay(wr) ay (ws) (),

x(1)

X

which proves our claim.

(iii) Rewriting the equation [z,y] = m as 27! -2¥ = 7 shows that the number of solutions

in 5, of this equation can be obtained by solving the equation a - b = 7 with a and b
conjugate, and counting each solution with weight |Cs, (a)|. Hence, using (8) again, we
see that for w = [v(z1,...,24-1), 24]

C1? (x(C))?*x(m) n!

DS L@‘)W 3 1010 (C)xa(C)
C

X1,X2 Xl
(n!)d—l
x(1)

as claimed. H

- > {Z e (0) (x| X’)] x(7)

X

5. TWO LEMMAS

Denote by o the bijection between the self-conjugate partitions of n and the partitions
of n into distinct odd parts, mapping a self-conjugate partition A\ onto the partition
given by the symmetric hooks of A (with respect to the diagonal). Moreover, denote by
C\ the conjugacy class of S,, whose cycle structure is given by the partition A - n, and
by xx the irreducible character of S, associated with A. The sign character y i) will
be denoted by ¢,,.

Lemma 2. Let A\j, \s be partitions of n with Ay self-conjugate. Then x,(Cy,) is odd
if and only if Ao = A{.

Proof. Note that since m ~ 7 for all 7 € §5,, and exponents a coprime to the order of
7, characters of S, are integer-valued. We prove the statement by induction on n, the
case n = 1 being trivial. Assume our claim to be true for all n < IV, and let A\, Ay be
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partitions of N with A\; self-conjugate. Furthermore, let ¢ be some part of A9, and let
hi, ..., hi be the hooks of length ¢ in /\1. By the Murnagham-Nakayama rule,

X (Ch,) = ZXM\h (Cro\¢) mod 2. 9)

i=1

Since A; is self-conjugate, reflection in the main diagonal induces a bijection on the set
{h1, ..., hi} fixing precisely the symmetric hook of length ¢ (if there is one). Since for
a partition p = N — ¢ we have X,y = en_¢Xy, the contribution to the right-hand side
of (9) of hooks which are not symmetric vanishes modulo 2. Consequently, if A; has no
symmetric hook of length ¢, then x,,(C),) is even, and A # Ao, i.e., our claim holds in
this case. If, on the other hand, A\; has a symmetric hook of length ¢, then it is uniquely
determined, h; say, and (9) gives

X (Cry) = Xavi (Canye)  mod 2. (10)

The partition A;\h; is again symmetric and of weight N — ¢, and our inductive hypoth-
esis ensures that the right-hand side of (10) is odd if and only if (A;\h1)” = A2\¢. The
latter condition is easily seen to be equivalent to \] = Ay, and we conclude that indeed
XA (Ch,) = 1(2) if and only if A] = As. O

Call an irreducible character x of S, symmetric, if Y = ,x; this is equivalent to
demanding that the partition associated with x be self-conjugate.

Lemma 3. Let x,x’ be irreducible characters of S,,.
(i) If x is symmetric, then (x> | ') = (¥ | enX’) for all k.
(i) If both x and X' are symmetric, then (x* | X') is odd if and only if x = X'

Proof. (i) Since x is symmetric, we have for £ > 0

O 1) = (D) = Geax XX = 0 Tea),
(il) We will work in the GF(2)-algebra 2 = GF(2)[Irr(S,)] generated by the irreducible

characters of S,,. The scalar product of characters extends naturally to a GF(2)-valued
bilinear form on 2. Define a matrix M = (M )y yem(s,) via My = (x* | X’). For
1 € A we have

v=( X <wx>x)2

XEIrr(Sh)
= Y @I +2) @0 X)xx
XEIrr(Sn) XFEX'

=D W0 IX)X
XX
On the other hand,

MU 10) sy = (Z @ 0TV

X X' €Irr(Sp)
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i.e., defining the action of M on 2l via matrix multiplication applied to coefficient
vectors, we have M1 = 12, Induction on k gives M¥p = 12" for all k > 1 and ¢ € U;
in particular, we have (M¥y | ') = (x¥" | ¥'), i.e., the (x, x')-entry of the matrix M*
is (x2 | ¥). We now arrange the rows and columns of M as follows: a first block of
rows (columns) indexed by the symmetric characters of S, is followed by a block of rows
(columns) labelled by those characters x, which satisfy A > X\ in the lexicographical
ordering. The labels of the remaining rows (columns) are then obtained from the latter
labels by multiplication with the sign character. We claim that, with this labelling of
rows and columns, M* takes the form

A®) | B® | B®
M=| cw|  pw
c® | pw

where the square matrix A%®) contains all entries of M* labelled by pairs (y, x') with
both y and y’ symmetric. Indeed, the duplication of B%* in the first row of this block
matrix comes from the first part of the lemma, while the duplication of C*) and D®*)
stems from the equation (x2° | x') = ((e.x)?" | X), which holds trivially for all y, x’
and k > 1. Next, we use Lemma 2 to compute A®) for k sufficiently large, 2% > n, say.
We have

k k 1 k
AL =0 1X) = 5 D 1O ()X (€) mod 2
c
Assume that y # x’. We will show that the integer

> e enie) (11)
D

is even, by proving that every single term is a rational number with positive 2-exponent.
First consider a class C' such that x(C) is even. Then y2'(C) is divisible by 22, while
n! is not divisible by 2". Since |C|, x'(C) are integral and 2¥ > n, the 2-exponent of
such a term is indeed positive. Now suppose that x(C') is odd, and set x = xx, X' = xu
with partitions A\, u F n. By Lemma 2, x,(C) is odd if and only if C' = C)-, hence we
only have to consider the single term

’C)\c7| k
n' Xi (CAU)X:J/(CAU) (12)
Write A7 = (A],A],..., A7) with odd and pairwise distinct parts A\7. Then |Cy| =
n! |Cxol

contains the same 2-part as n!, i.e., is a rational number with 2-exponent 0.

On the other hand, again by Lemma 2, x'(C)) is even, since p # A, and we conclude

n!

that (12) also has positive 2-exponent, as required. Thus, A;kx)’ =0 for x # x’. Now
suppose that x = x’ = xa, say. We will show that (11) is odd in this case. Indeed, as
before we see that all summands corresponding to conjugacy classes C' with C' # C)o
are rational numbers having positive 2-exponent. However, the term

|CA“| 2k +1
X HCx)
corresponding to C' = C\» is a rational number with 2-exponent 0. Hence, we have

found that A% = I (the identity matrix) for all k& with 2¥ > n. In order to obtain
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information on M itself, we take k large enough to ensure that 2¥ > n, and compute
AF+D by using the block structure of M and MP*, together with the fact that A®) = T.

We find that
AEHY ZA W ASL + 223’“) Cdy =AY

Hence, I = AG+) = AM), Wthh gives (ii). O

6. THE MAIN LEMMA AND PROOF OF THEOREM 3

6.1. The main lemma. Call an irreducible character x of S, a 2-core character, if %
is odd. Note that, since the degree of an irreducible representation of a finite group G
always divides |G /(1 (G)], this concept is well defined for arbitrary finite groups; cf. [13]
or [12, Chap. V, Satz 17.10]. For G = S,,, the hook formula shows that an irreducible
character x, is 2-core if and only if all hook lengths of the associated partition A are
odd. The latter condition is easily seen to be equivalent to requiring that A is of the
form A = (k,k—1,...,1) for some k£ > 1. It follows that S, has a 2-core character
if and only if n = @ is a triangular number, in which case x A is the unique 2-core
character; in particular, the 2-core character is symmetric. With these preliminaries,
we are now in a position to establish the following result, which is the decisive tool in
proving Theorem 3.

Lemma 4. Let w € W, be a word involving d generators, and let x be an irreducible
character of \S,,.

(i) If d > 2, then (n!)*2x(1)ay (w) is an integer.
(ii) If d > 3 and x is not 2-core, then (n!)*2x(1)a,(w) is even.
(iii) If d > 2, x is 2-core and w € Wy, then (n!)4=2x(1)ay (w) is odd.

Proof. Let x be an irreducible character of 5,,. Using Lemma 1, we see by induction on
d that (x(1))% o, (w) is integral for d > 1 and all w € W, implying (i). Moreover, if x
is not 2-core, then % is even, hence, for d > 3, (n!)2x(1)a,(w) is even, as required
n (ii). Now suppose that y = ya is 2-core, and that w € W;. We want to show that in
this case (xa(1))* 'a,, (w) is odd. This is done by induction on the formation length
of words in W;. By Lemma 1 (i), our claim holds for w = 2? and w = [z, z;]. Assume
that our claim is true for words wy,ws € W, having no generator in common, let d; be
the number of generators involved in w;, and consider the word w = wywsy. Then w
involves d = d; + dy generators, and by part (ii) of Lemma 1,

(xa (W) oy (w) = (xa (1) ays (W) - (xa (1) oy, (w2),

which is odd, since by assumption both factors (xa(1))% a,, (w;) are odd. Thus, it

remains to show that our claim holds for w = [v, x;], provided it is correct for v € W,
and z; does not occur in v. By Lemma 1 (iii)

(xa (D))" ay, (w) = ) Z ay (v) (XA | X)-
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Now we distinguish the cases d > 3 and d = 2. If d > 3 and X’ is not 2-core, then
(x'(1))? 2 (v) is integral, and xa(1) is divisible by a higher power of 2 than y/(1).
Hence, the terms in the last sum not coming from the 2-core character y. sum to an
even integer, and we have

(xa (1) o (w) = (xa (1) Py, (V) (X4 | xa)  mod 2.

By assumption, (ya (1)) 2a,, (v) is odd, as is the multiplicity (x4 | xa) by Lemma 3 (ii).
Hence, (xa(1))* 'y, (w) is odd, and the induction on formation length is complete
in this case. Now suppose that d = 2. Then w = [z7, ;] for some i # j, and by
Lemma 1 (iii),
xa(D) oy, (w) => O [ X).
X/

By Lemma 3 (i) for & = 1, the right-hand side is congruent modulo 2 to

Z(XQA | X205

AFn
A=)\

which is odd by part (ii) of this lemma. O

6.2. Proof of Theorem 3. Let w € W, be a word involving d > 3 generators. By
the exponential principle, the subgroup numbers s, (I",,) are related to the sequence
hn(Ty) = |[Hom(T'y), S,)|/n! via the equation?

Also, since homomorphisms of I',, to S, can be identified with solutions of the equation
w(xy,...,xq) = 11in S, we have

ha(Tw) = (n!)* Z ay (w) x (1)
XEIrr(Sy)

From Lemma 4 we know that, for w € Wy, h,(I'y,) is odd if and only if n is a triangular
number, and that, if w € W,, the condition that n be triangular is still necessary for
hn(Ty) to be odd. Hence, for n > 1, we find that modulo 2

n—1
Sn<Fw> = nhn<Fw> - anfu(rw)hu(rw)
v=1
= Z g Sp—tkt1)/2(lw) + 6(n),
k>1
k(k+1)<2n

where a; = 1, and oy = 1 for all k if w € W, the correction term 6(n) coming from
the term nh,(T,).

2Cf. for instance [3, Prop. 1].
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